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Outline

(I) SP b.c., reflection algebra:

e Review R and K matrices as reps of the (affine) Hecke algebras. New rep

of blob algebra (asymmetric twin). (Focus on trigon. case).

e Introduce RA and boundary quantum algebra — symmetry of transfer

matrix. Symmetry of asymmetric twin chain.

e Duality: boundary quantum algebra and B type Hecke algebra.

(IT) SNP b.c., (q) twisted Yangian:

e Review R and R and connection with (q) Brauer algebra. (Rational and

trigonometric).

e Introduce (q) twisted Yangian and BT — exact symmetry of the transfer

matrix (rational). Indriguing results for g-case.

e Duality: (q) Brauer and BT.



R matrices from the Hecke algebra

The R matrix acts on V®?, satisfies the YBE (Baxter '72)

Ria(A — A2) Riz( A1) Ras(A2) = Raz(A2) Ris(A1) Ria(A — Ag)

The Hecke algebra Hy(q) with g;, i =1,..., N — 1:

(gi—q) (gi+q =0
9i 9i+1 9i = gi+1 9i Gi+1,
9 91 =0, |i—j|>1.

Let U, = g, — q, Temperley—Lieb quotient:
Uix1 U; Uiy = Uiy



Reps of H — solution YBE (Jimbo '86)

~

R; i 1(A) = sinh(A +ip) T+ sinh A p(U;).

Examples:

U(gly): (i) = 01 01, and U on (C")®*:

U=> (e@eji—q " ey @ey)).
i#]

U, (s1y): The XXZ model U on (C2)%2

00 0 0
o= 1 0
U=101 —¢ 0

00 0 0



Soliton preserving b.c./ Reflection
algebras

The K matrix acts on V:

} K. (u)

Satisfies the reflection equation (Cherednik '84)

Ria(A — Ag) Ki(A1) Rar( A1+ A2) Ka(Ao)
= Ks(A\a) Ria(A1 4+ A2) Ki(A1) Rar(A1 — A2)

e Solutions of RE (e.g. via Hecke algebras: Levy and Martin '94,
A.D. and Martin '02, A.D. '04) — build open spin chains (Sklyanin
'88)



The affine Hecke and blob algebra

The algebra HY(q,Q), gi, i € {1,..., N — 1} and go:

g1 9o 91 9o = do 91 9o 91
[go, gi] = O, 1> 1

H%(q,Q) — candidate solutions of RE (Levy and Martin '94).
Quotients of HY;, B-type B (q, Q):

(90— Q)(go+Q ") =0.

Blob algebra by extension of the Temperley-Lieb algebra, ¢ =

go — Q:

U1€U1:/€U1



Reps of By(q, Q) — solutions to RE
K(A) = z(A)I+y(A)p(e).

Uy, — rep of e on C" (A.D. '04)

1
~ 2isinhip

Uy (—Q'é1 — Qénn + é1n + én1).

(Blob case: Martin and Saleur '94). K matrix — (Abad and Rios '95) for
the Z/{q(g/l;) case.

e.g. U,(sl)

1
Ub:( 1 —1@>

(rep of the blob algebra)



Twin representation

Let R, : Tn(q) — End((C*)®") the XXZ rep of Hy:

RQ(UZ):H@)...@ U, ®...01

[, [ +1

then define ‘twin’ rep (Martin and Woodcock '98)

0, - Tu(q) — End((CH°Y),
O(U;) = R, (Un—;) Ri(Uny)

rr=—q.

Spin chain like model (Bethe ansatz and Hamiltonian symme-
try) (A.D. and Martin 03, '05).



Define matrices in End(V®?") acting non-trivially on Vy ®
Vv

0 0 0 0
i o 66 0 —Q 1 0
M(Q)_—Q+Q_1]I®H®...® 01 -0 ®...IxI
0 0 0 0
—Q 00 1
i o Oc 0 00 0
M (Q)——Q+Q_1]I®]I®...® 0 00 0 ®R..IxI1
1 00 —Q!
MH(Q) = M'(Q) + M"(Q)
i Oc Q1 1 )
= I®...
R e oo LI G

_Q—l 1
®( 12 _Q2)®...®H

Q1 Q2= —Q.



Representation o by — End(V®2N)

provided
Q+Q" R +qQ7! iQ —iQ™!
0 = — gi=1 d K =
‘ 2isinh(ip)’ 2isinh(ip) 2i sinh(ip)
. y -1 -149
/{-l-:/{z_}_/{u ki — q Q+QQ + .
2i sinh(ip)

New class of reps of (boundary) Temperley—Lieb algebra:
Crossing reps (A.D. and Martin '05), p: by — End(@n)®N

,OC([UZ') = Vi P'tii+1 Vi, 1€ {1, o, N — 1}

7

P € End(C" ® C") permutation operator, and (V')? V? = 1.



The folding

1 2° 3
Setting
N+l—=1", N-Il+1—1,

Composite index: [ = (I, 17).

=

[=1,2,...



Reflection and boundary quantum
algebras

L(\) € End(C") @ A, (L = L7Y(=)\)),
Rio(A1 — A2) Lig( A1) Log(A2) = Log(A2) Lis(A1) Ria(A1 — A2).

then
KN FA) =LNFAN (KWN)QI) LN £

K generates R (Sklyanin '88).

n

AR-RRA  AKe(N) =Y Ku(d) @ Rar(A) Lun(N).
k=1

RE as ) — o0

+ - A4
R12($) Kli RE Két — Két Rliz Kli R12($)

K* generate boundary quantum algebra B.



The open spin chain

Integrable boundary conditions (Sklyanin '88)
T(A) = Loy(A\) ... Log(N) KY(N) Lor(N) ... Loy(N)
T = AN (Ky).

L) = trg {K(@(A) T(A)}

[t(x), t(X)} — 0

Integrability ensured.
Boundary symmetries (A.D. '04, '05, '06).



Symmetry

KW =1, KW()) any solution of RE

Ris(A) Rn(=A) oI, Myt R5(A) My Ryl (=A — 2ip) o< I
M= M, [Ml M, ng()\)] — 0,

= = tro{IPo Toi}, T* x T(\ — 400),
P n X n matrix.
[Ti, t(A)} —0.
For P = F,

FE=TE = | Th tN)| =0,

ab

But 77 = AW)(KZ) — B provides a symmetry of t(\) for
SP b.c. (AD.06). If K" =T reduced symmetry.



Centralizer

Restrict L — R, recall R =P R,
p: By — End(VEY), X — fo0:

P%iwl x p(U;) + ¢, K} o< ple) + Q!
YBE )\1’2 — F00:

O+ + + _ p=E + p+
Ri 1+1 RO 1+1 RO@' - RO 1+1 ROi Rz +1
H+ + pt _ pEt px H+
Ri 1+1 RiO Ri+1 0 RiO Ri+1 0 Rz 1+1

[p(Ui), Q;ﬂ — 0, {p(@, Taﬂ —0 ie{l,... . N—1}.

Duality between By and B (A.D. '06).

Rational case follows along the same lines (¢ — 1) (A.D. '04).



Examples:
Uq(g;l;): symmetry K oc I, K =£ T non-local charges identified (A.D
05) (K1) o T) B coincides with U, (gl,,).

—

U, (sly): symmetry KF) oc T, KB AT

1 z 1 z
T =2¢® +q 2" ST+q ¢S

(Mezincescu and Nepomechie '97, Delius and Mackay '03)

Symmetry and centralizer (A.D. '04)
), Tif| =
let 7 : U, (sly) — C* then
U, 2T =0 [ =] =0



Twin rep. Familiar non-local charges

t(A) € (CH®N (g = €™, i=+/—1). Introduce reps (A.D. and Martin '05):

o1 : Ui(sly) — End(C* @ C?) and o9 : U,(sly) — End(C? @ C?)
o1(H) = i) gy (&) = ey, o1(F) = en
1
03(H) = q 2278 0y(E) = €33,  02(F) = €33
p1 : Us(sly) — End(C?* @ C?) and ps : U,(sly) :— End(C? @ C?)

m(H) =10/, p(E) =18 o, p(F) =18 o
p(H) =717 @1, po(F)=0" &L p(€)=0 &L



Symmetry: (A.D '06)
(h @ h®MA N () T(A) = T(N) (h @ kA VD (g),
r € Uy(sla), h € {oi, pi}, a€{q,1, r, 7}

K@) — KB — T trivial:

0

[t(A), uq(sb)} _ {t(A), ui(sb)}

[t(A), Ur(slg)} [t(A), uf(szz)} — 0

For K = T non-local charges as in XXZ. Intriguing task:
relation ‘familiar’ charges with 7" — relation with spectrum

(for XXZ, A.D. '06)!
Diagonalization of charges important (for XXZ, Nichols, Rittenberg,

de Gier '05, Baseilhac '06)



Soliton non preserving b.c./(q) twisted
Yangian

Define: R(\) = R'L(—=\ —ip). The K matrix

Satisfies the (q) twisted Yangian

Ria(A1 — A2) Ki(A1) Rio(A1 + A2) Ka(Ag) =
Ka(X2) Ria(A1 + A2) Ki(A1) Ria(A — o)



The spin chain-like model

Lis(A) = Lyy(=X = ip)
KN FA) =LNFA) (KN)RT) LN £ M),

K generate T, endowed with a coporduct A: T — T® A
(Delius and Mackay'03)

ZKM ) @ La(A)Lip(A)  a, be{1,...,

To(A) = L(A) = Lox(A) ... Lot (A) KSP(A) Loy(A) .. Loy (),



{t(A), t(X)} —0.

Spin chain built (BAE and symmetry sl3) (A.D. '00), generalized (Arnaudon,
Avan, Crampe, A.D., Frappat, Ragoucy '04, '05)



The rational case

~

RN =1+~P, RN =I+-P

A

|~

(Eij)ir = 0irdji
P=>wbBa®FE, P=p—0Q, p==%5and Q=) ,Ey® E, one
dim projector

QP=P Q=+0, Q* = nQ,
and P? = p’IL

Brauer algebra By () 2N — 2 generators g;, 7;:

9@2:17 T¢2:5Tz’, 9T =T 9i=T, 1=1...,N

919 = 9i 9, TiTi=TjTi GiTi=T;G, [t—j]>1
9i 9i+1 9i = 9Gi+1 Gi Gi+1, T Titl Ty = T,

9iTi1 Ti = Git1 Tiy  Titd Ti Gitl = Tig1 i, t=1,... N =2

P and Q form rep of By (9), ¢i — Pi ix1, 7o — Qi iv1



Symmetry

L) =1+ %IP), L) =Lh(—X—ip) =T+ %ﬁp

Py € gl(n), n € {1,...,n} and Py, = p — Py,. Pup, Pap fundamental
reps of Py, P

A — 00, I.e.

T(\— 00) x K+ %7’(0) +

From (q) twisted Yangian

((Pac ICCb_‘_ICac Pcb) ®H+H®7;b ) ()\) =
T<)\> <<Pac Ich + ICac Pcb X ]1 -+ H ® (b )

), Y| =o.

(Crampe and A.D. '06)



o If KL B =T or KU B = gntidiag(1,1,...,1) then 7;(60)
form the so(n) algebra,

o If Kb ) = antidiag(i,—1,...,—i) n even only, then 7;(60)
form the sp(n) algebra.

Centralizer:
The fund reps of 79 not centralizer of Brauer. But restrict

Oab — Kacﬁcb + 7Daclccba @ab — Kacpcb + 75aclccb
Wy = Oup + Oy invariant Py — P,

P A(Wa ) — A(Wab) 7), Q A(Wa ) — A(Wab) Q

Recall P, Q rep of Brauer — AW)(W,;) centralizer of the Brauer By
(Crampe and A.D. '06).



Boundary extension?

Restricting to X = K ! possible boundary extension. Intro b,
satisfying

b*=1, @gbmnb=b7bag.

More plausible scenario: I = K let
/ _ . phi -1 _ 4 £ —1
Qi i+1 — szz' i+1ICz' - ICHle‘ z'+1ICi+1
new representation of By:

/
9i =7 Fiivl, Ty — Qz i+l

P A<Oab> — A(Cf)ab) Pa Ql A(Cf)ab) — A<Oab> Ql-

A(N)(Oab) center By (Crampe and A.D. '06).



The trigonometric case

Recall R — Hecke algebra gens. Rjy(—ip) = Pg

Quantum Brauer By(z, q¢) (Molev '02) g1, ..., 9N, TN_1
gp = (q—q g+l 69,=0 9 9 G 9= Gi1 G Gir,
o z—z !
Tk = 1 Tk gk Tk = Tk gk = 4T
q—4qg
T Qk—1 Tk = 2 Thy, GiTh=TrGi, t=1...k—2

T (2 CM 27O e (g 7)) =
¢ +q ' Om (g +27¢7 O m

where k = N —1and ( = gr_1 gx—2 gk gr_1. g; generators of
Hn(q).

- EN—1 —1
Rep: ¢gi = Uiiv1+q, T~v-1— Py xy My_;.



The I matrices

Classification in: (Arnaudon, Crampe, A.D., Frappat Ragoucy '05)

(i) £ constant diagonal

X 2—64 E 7
(11) IC( ) = 1 - Zz 1E“_€2M)\( 2u(A+is 2 :l:q) ZZ<] EZ]—l_
(g £ 20+)) ZDJ Ei;

' n—2
(iii) K(\) = 20T By, — qeX OB 4572 (qEy; 911 —
Eaiy12i), n even.

n

(iv) KA) = > 7 1(qEo%-1 20 — E9i 9i-1), n  even.

(i), (ii) coincide with (Gandenberger '99, Delius and Mackay '03)



Symmetry?

A\ — 00 obtain ’];f

7;+a+1 for (ii) coincide (Delius and Mackay '03)

7;% form BT:
RliQ(ﬂF) TH RE T = T RE 77 RliQ(ﬂF)

Use defining relations BT — no symmetry formed by ’Z;f contrary to the

rational case and the SP!

Centralizer:
Special case K'X%) oc I Let 7 : U,(gl,) — C”

7T®N<’Z;f>, Pi| = [7T®N(,ZZ£)7 Qz} = 0.

They form U, (s0,) (U,(spn)) (Molev '02)



Summary

(I) SP b.c., reflection algebra:
e B symmetry algebra for the open transfer matrix.

e Duality between B and B established for any right boundary.
(Valid results for rational and trigo).

(IT) SNP b.c., (q) twisted Yangian:

e Rational case: BT symmetry algebra for open spin chain (spe-
cial left right boundaries).

e Duality between BT and Brauer via appr. reps of Brauer.

e Duality: (q) Brauer and BT only for trivial b.c. Symmetry?



Conclusions

e Possible boundary extension of the (q) Brauer algebra.

e Other reps of the (q) Brauer algebra commuting with bound-
ary non-local charges. Establish duality for any boundary.

e Symmetry of the finite chain (trigonometric) with SNP B.C.
Search for a non-abelian symmetry.

e Field theoretical results based on the reflection algebra.



