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iEjBk]lnm=onpGqsrbtuqBvxwyr^j z{qsr^j tul]k]o7|NrX}xonpG~E�b~=l��BmN�xq�j wyo�qs�Gwdkx}G�xmN�{wyl��dj l�|Tvx~��7j �=lnqB�Sl]}]� l���mT��lnqS|Tvxm7j lG�
�nz{~1�WqB�n�xqsrX�{~��?�Gq�j �n�xt�qsr5k]ln~=rXknj qS|TvxwVj l]�S�%rXkn� k]rb�=o��%��qs�=�B��m=ln����|bon�Gt��nlnq�� qx�dvG�Sr��S�Gm7� �{t�qS|Tvx~
k]m=onqB��knj �n��rbwdk]r^j m7� l�|bon����m=�n�dox~T|bont�l]k]�2|Tvx~��7j �=lnqB�Sl]}]� l�|bon���Qj qslx�s���dj �Sonp���mT��lnqS|Tvxm7� on�2�?�Gq�j �n�xt
qsrW�doSj |Tv7|N�btW|TvxtW�Wo7}x�=|Nrb�B~7j �n�xtE�?�Bo7}G�xtW|bon���Wln~=rXknj qS|TvxwV� on���Wlx|NmNz{~��SlSj�qS|bo��Sj �]}]� o�|bon�S�

J. R. Tay-
lor, An Introduction to Error Analysis, 2nd edition, (University Science Books, Sausalito (CA),
1997).

�Wlnm=lx|TvxmN�xqsr^j t?�SlSjnqs�B�7}]j l�k]on�S�]�Slx|N��|Tvx~���~Nz{wdvW|X�{~Eln~=lx��~N�{qS|Tz{~]�N�yl�wdk]onm=onpGqsln~u~=lE�nrX}7|=j zL�
qson�G~�|bo�rXkn� k]rb�=o5�Slx|bln~=�]vxqBvxt�|X�{~�qBvxwyr^j z{qsrX�{~��SlSj�~=l�ln~=lnqB�Srb�G�nqson�G~W|N�G�B�x~�|N�7k]o=��m=ln�yj �S��}x�=�dv�qS|bo
�Sr^� wyrb~=o�r^� ~=lSj�rb�7k]m=�nqs�=rX�]|bl��
  o��Sr^� wyrb~=o�ln�=|N��l]k]o7|NrX}xr^�Sk]m=o

ϊ
�x~Wk]~=rb�Gwylx|=j �n�xturbmT��lnq�� lntYk]on��rX�nk]ox~N�T�dvG�Sr;wyrYqB�So]k]��|Tvx~��N�{m=rb�n~

�7j ln~=onwd�;|X�{~�qBvxwyr^j z{qsrX�{~Ywy�bqB��|bon�W�7j ln�7j �]|=� on�uqS|bon�Gt;�doSj |Tv7|N�bt�k]on�W�7j �=�nqB�Sox~T|blSjN|bo�wy�=�dvxwyl��?�Gq�j �n�xt¡�
¢ �SlSj]� ¢£¢ l]k]��|box~�qs�=�B��m=ln�d�bl��L�{�S�dm=�n¤N�¥j �7j lS� |NrbmNv�k]lnm=�]�n}GvxqBv�~=l�wdvx~W�d� ~=r¡|blSjswyln¤7j �n��ln~=ln�7j ln~=onwd�E�SlSj
ln~=lx|Np7kx�{qBv�ln�=|Tz{~�|X�{~�qBvxwyr^j z{qsrX�{~��7� �S�{t�|Tvx~��n�=r^j ��wyon�S�
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A B [DC8@VD]\GKEC�DxcSUGFyP7F�CIH7PSR2HxH @�JV>XeBP7H�cS:=[LK8@�cSU JdPNM RNC \�CPO�R�QuFL\GK8H FL\b:Ge	M @RO�H @

\�CsR�<SK]\�C \b:VD%@VD]\b:]JSe	Td\b:Ge�@�\�CGAVU�M RT@BA�W¥a�P1JV@IRb>SRT@IRXH7PSR�PGcSH \feBPGcSUs\b@IR¥RT@YH7PNM�\b:yR
@VD]\b:]JSe	Td\b:Ge�@ \�CGAXU�M RT@BA�JV@sHE\b: PXeBgW\�CX<Y@�Kn\b@IR�Z2Z5:sH :8PNM RT@sHE\b:%<WKNJV:BA"\�CGA5<SK]\�CGA
\b:VD�@VD]\b:]JSe	Td\b:Ge�@

;
O;H @ RT@2\b:S[IeBPNM A�@GeN_\M^]7P7H A�RT@XHxH @sFx_\M^]7P7H A�\�Cu_�g{e�@�e_QW\NUyR=\b@BA�\b:VD7A

JV@d\b:�M JV:VD7A�\�CGA�\NH]<WKNJV:BA�PNM _�P`C�<SK]\�C5\b:VD�@VD]\b:]JSe	Td\b:Ge�@	W59QPb[yH J5Ta[Ie	M F�JdP7H A�\b:�<WKNJV:BA
\�CGA�@�cSU�\b:yR�<?>7FI:5UGe�:�\bQ�R�@�cS@IR=\GKxFyP�Q�RWcS:VD�FI:VDW>NHNQuFI@IR�:sH	HxHcT�J�:Ge�:sH_U1H Rb>N]x:sH^W\U1@sH
RT:=</M^]7P7H A2Us\NH>C�@�c+TIR=\�CxF�K2FI:VD1PNM RT@sHQ@]JSe�H [;KGA1PGc]P7HcHSK Kn\b@IRE<?P�O	Tx[y:BA�:"@Ge�H Fn<YUBA%\bQ�R
PXe_QW\�C�Fy>SR=\bQ�R�Wed�PSR�PNM RT@sH�U=<\QYA�@VD]\NUBA�:%F�QuFL\NUBA1\fe�U�cS:BAXO�H @ RT@*[IeBPNM A�J5Td\NH^W A B \b@IR
e_QW\�TBA1cS:=[S[y:5K7A�@IR�FBeBg�cS:VD7A�cS:VD�H7PSRfO�R�Q{e	M^]x:VDBR�\�M cS:s\^P�O�H @ @VD]\NU cS:VD�\b:VD7A�e_QW\�TBANM
H7PSR*Q7JVPb[�PNMLFyP�\�M cS:s\b@.RT@e[\O	Tx[�P7H A1\b:yRY<?>7FI:2UGe�: \bQ�R�@�cS@IR=\GKxFyPNg�R�\b:VD7A�W

Richard Feynmanl]k]��|bo��Sj �]}]� o5|bon�S�hg 
 i_)	jk�+"ml	"`"G�	�b�n� ��o��n�	�b���5�pok�+� �
Feynman q�{�S�=�nqsr^j t   m=oG�Bl]}]� l
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¨ � ¨ ��k]�7}x�=|bo��SlSjd�?�Br¡|=j �S���?�d�]}xwyl �E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� 6
¨ � ¦   �G�BlS� l5�SlSjd�?�GqS|Tvxwylx|=j �S���?�d�]}xwylx|bl ���E���E���E���E���E���E�E���E���E���E���E���E���E� 7
¨ � � �Qvxwyln~T|=j �S�98�vx�y� l$�E���E���E���E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� 7
¨ � 6 �W~T|=j qS|boSj �s� l�wyr¡|bl�:=p��Qvxwyln~T|=j �nz{~;8�vx�y� �{~��SlSjd�?�Br¡|=j �nz{~��?�dl]}xwy�x|X�{~ ���E���E���E���E� 7

<>=�"?3A@/3A#CBEDF#G1A0?&A�?��(?B�H�+,".-/��0/1%243 I
¦ � ¨ �?�ym=oS� qswylx|bl5�SlSjKJ�j ln�donm=�bt ���E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� L
¦ � ¦NM j ~=�nwyrb~=l��SlSjs��vG}]� �Sl �E���E���E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� O
¦ � �NP r¡|Nm=onpGwyrb~Nv�k]onqs�7|Tv7|bl�rXkn�yqS|bl=�yrbm=�5lnm7j �ywy� ���E���E���E���E�E���E���E���E���E���E���E� O
¦ � 6 �?�d�]}xwyl5wVj �ntW�=pG~=lnwdvxt��E���E���E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� O
¦ � 7 �?�d�]}xwyl5qsrWqs�G~=�nmT|TvxqBv�wVj �ntWwyr¡|blG�]}Gv7|T�xt ���E���E���E���E���E�E���E���E���E���E���E���E� Q
¦ � L M rb~7j �S�ntu|Np7k]ont��dj l�wyr¡|N�n�=onqBv�qs�d�]}xwylx|bont����E���E���E���E���E�E���E���E���E���E���E���E� Q
¦ � O �Wlnm=ln�=r^� ��wylx|bl P r¡|N�n�=onqBvxtE�?�dl]}xwy�x|X�{~ ���E���E���E���E���E�E���E���E���E���E���E���E� R

STH;1)"/1���� 1��U!/V*WX3A0.-KY/��(ZH�+,".-/��0/1%243 �K�
� � ¨ P �bqBv�|=j wd���SlSj   �7knj �n����k]�]�n}]j qBv ���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¨G¨
� � ¦ P r¡|N�n�=onqBv�qs�dl]}xwy�x|X�{~�qS|Tvx~

σq
|Tvxt

q(x, y, ..., z)
���E���E���E�E���E���E���E���E���E���E� ¨G¨

� � �   �7knj �n��l]k]�]�n}]j qBv�l]k]��|Tvx~�wy�bqBv�|=j wd�
σx

���E���E���E���E���E�E���E���E���E���E���E���E� ¨ ¦� � 6\[�m7j |T�xm7j o�l]k]on�=oG�S�xtWrb~=�ntWwyr¡|NmNvxwy�b~=on��l]k]o7|NrX}x�bqswylx|bont(�E���E�E���E���E���E���E���E���E� ¨ �
� � 7 �Wlnm=�n�=r^j ��wyl�qS|Tv5��|blx|=j qS|=j �n�5�W~=�]}x�GqBv��?�dl]}xwy�x|X�{~ ���E���E�E���E���E���E���E���E���E� ¨ 6

5^]��A�?��"?�A����_�V`!�"?��a/bK-c(?Bd��#ea.#%�f�A"?��"/1��U!�0g&A#C&A�?��hC3A"`��#91)(*��hji��?&A�g#k-/"?lm�n� 1%243d1A#po
1A�A"._mq43c243 �cr
6s� ¨ ���^�yr^� l���m=lnwywd�B�

y = A + Bx
�E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¨ 7

6s� ¦ ���^�yr^� l���m=lnwywd��l]k]��|Tvx~�lnm=�S��|X�{~�l�:=�x~N�{~]�
y = Bx

���E���E�E���E���E���E���E���E���E� ¨ L
6s� � �{�7�yr¡|=j �n��qs�G~=�nmT|TvxqBvB�

y = AeBx ���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¨ L
6s� 6 M m=lnwywVj �n��rj:=�nmT|TvxqBv�l]k]���=pGo5wyr¡|blG�]}Gv7|N�bt7� z = A + Bx + Cy

���E���E���E���E���E���E� ¨ O
6s� 7TJ�rb�=|Nrbm=oG�n�=�ywVj o�k]o7}x�7z{~=�Gwyo��

y = A + Bx + Cx2
�E���E���E�E���E���E���E���E���E���E� ¨ O

6s� L � wyonm=���B�
y = Af(x) + Bg(x)

�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¨ O
rNsea.@?&A#%�t_���"gWX3A"?+,�?�A0?BX_,�f"`u
��_�"?� 1)(?���f".!/Vwv WX�x!/(?��( �Ay

7S� ¨ �Wlnm=�n�=r^j ��wyl�wyr�rX}x�n�sj qS|bl5|Nr¡|Nm=�x�s�{~=l ���E���E���E���E���E���E�E���E���E���E���E���E���E� ¨ Q
I�DF"Ai�(?��"/1��U!�@ZHzY/��a/-cV?�c24��" <K<

LS� ¨ P rbm7j �S�btu�Wlnm=�x�s����oSj����E���E���E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¦G¦LS� ¦ �Wo7}G}xl]kx}x�bt P rbm7j �S�btu�Wlnm=�x�s����oSj ���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¦G¦LS� �N{ j �]}]j o=��m=ln�y� l �E���E���E���E���E�E���E���E���E���E���E���E���E�E���E���E���E���E���E���E� ¦G¦
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� � ����� �����	�;�;� �
����
�������� ������� �
��|Tvx~�rXknj qS|T�xwdv�v�}x�j:Nv ���������#"��

error  �=rb~��d�bm=r^jS|Tvx~�qs�G~NvT�Vj qswy�b~Nv��b~=~=oSj l�k]on���7k]�nm=�Br^jsqS|bon�Gt��nm=on�Gt�!��l	).� �#" "��+".���+)n� ��$ � � i��%�&�%"�' �   o�qs�d�]}xwyl�qS|=j turXknj qS|Tvxwyox~7j �S�btYwyr¡|NmN�xqsr^j tYrb~=~=onr^�x|Tvx~Eln~=l]k]�n�drb�7�]|TvlG�nrf�nlSj �7|Tv7|blWk]on��rbwy�dln~7� ¤=r¡|blSj7qsr��7}xrbt{|=j tQwyr¡|NmN�xqsr^j t7�)( ��|Nq�j �7|bl�qs�d�]}xwylx|bl��=rb~?r^� ~=lSj7}x�=�dvuk]on��wdk]onm=onpG~
~=lErj:=l]}xr^j �n�yonpG~�|NrX}xr^� �{tQ�7|bln~?�S�]k]oSj ont�r^� ~=lSj=k]o7}xpuk]m=onqsrX�]|=j �S�nt��W�7|bln~;�BmNvxq�j wyo]k]oSj onpG~T|blSj=k]r^j m=lnwylx|=j �S�bt
qs�GqB�Srb�G�bt � �nmT��ln~=l�wyr¡|NmN�xqsrX�{~  wyr¡���]}GvxtYl]�Sm7� �nr^j lnt7�   o��Sl]}xp=|Nrbm=o�k]on��wdk]onm=r^�B~=l�rX}Gkn� ¤=r^jS�Sln~=r^� tur^� ~=lSj~=l��Sm=lx|T�xqsr^jd|bl�qs�d�]}xwylx|bl1�nqso��d� ~=r¡|blSjIwVj �Sm=�7|Nrbm=l��SlSjV~=l1�b�Br^jVwV� l�l�:7j �]knj qS|Tv�rX�]|=� wdvxqBv��dj l�|bo�k]�nqso
wyr¡���]}xl5r^� ~=lSj�ln�=|N���
*,+-* .	/�02143,5!687:9�; -=<?> 52;@7:0 -=ACB 1
DE9
FG ���n�%�e��H��,�����%� wVj �nt��d�Gq�j �n�xt�k]onqs�7|Tv7|blnt�qs�Gws�nlS� ~=r^jL�7|bln~��7j lG�n�n¤=on�GwyrW|Tvx~��n}]� wyl]�Sl���|Tvx~X8�vx�yj l]�n�
o=�y�x~NvErb~=�nt;onmT���n~=on� � ks� �y���B�nm=l]�Slnt7�G�Bm=ox~=�nwyr¡|Nm=o��N�no7}7|N�nwyr¡|Nm=o��n}Gk  �)( ��|Nq�j �7�yl�ox~=onwy�n¤=on�Gwyr ��H��,�����%�|Tvx~��nwyrbqBv5wy�¡|NmNvxqBv5�SlSj �b�%��
 � ���%� |box~��7k]o7}xo=�dj qswy��wVj lnt��d�Gq�j �n�xtEk]lnm=lnwy�¡|Nm=on��l]k]�1�]}G}xrbt��nwyrbqsl�wyrf�
|Nm=onpGwyrb~=rbt�k]onqs�7|Tv7|Nrbt � ks� �y���d� ~=r¡|blSjGrX�]|=� wdvxqBvu|Tvxt�ln~T|=� qS|blnqBvxt

R
l]k]�u|=j tQwyr¡|Nm=onpGwyrb~=rbt�k]onqs�7|Tv7|Nrbt{|N�nqBv

V
�SlSjsm=rbpGwyl

I  �   o5l]k]o7|N�X}xrbqswyl�|TvxtE�nwyrbqBvxtWwy�¡|NmNvxqBvxtW��|TvxtErX�]|=� wdvxqBvxtEwVj �ntW�d�Gq�j �n�xt�k]onqs�7|Tv7|blnt x��m=�n�dr¡|blSj �
x = xbest ± δx

� ¨  �]k]on�
xbest I � v��Sl]}xp=|NrbmNv�rX�]|=� wdvxqBv�|bon�

x  
� �BmNvxq�j wyo]k]oSj onpGwyr�|box~��nm=o �b�%��
 � ���%� �dj lx|=�I�]kx�{tu�yl��=onpGwyrEqS|bl�rXk]�nwyrb~=l�|bo

xbest
wdk]onm=r^�V~=l�k]m=oG�

�SpC8dr^js�SlSj�qsln~�wy�bqsontE�nm=ontWl]k]�5rXk]ln~=l]}xlnws�nln~=�nwyrb~=rbtYwyr¡|NmN�xqsr^j t�|Tvxt 

�N�
".� �d�Gq�j �n�xtWk]onqs�7|Tv7|blnt�wyrY|Tvx~


�N�
" wy�`�yon�=o�wy�¡|NmNvxqBvxt7�  
�SlSj

δx I � l]k]�7}x�=|bo�qs�d�]}xwyl�|Tvxt�wy�¡|NmNvxqBvxt  �
  o�l]k]�7}x�=|bo�qs�d�]}xwyl5r^� ~=lSjsk]�n~T|bo7|NrW�b~=lnt?�yr¡|=j �S�ntWlnm7j �ywy�nt7�

δx > § �
��rj:7� qB�{qBv � ¨  rX�S�dm=�n¤=r^js|Tvx~�k]rXk]oS� �yrbqB�1wylnt��7|=jVv�qB�{qS|T��|=j wd�5|Tvxt x

�nm7� qB�Sr¡|blSjVknj �yln~=�7|blx|bl�qS|bo
�7j �nqS|Tvxwyl5wyr¡|bl�:=p

xbest
�
δx
�SlSj

xbest J δx
�

  o�qs�Br¡|=j �S�5qs�d�]}xwyl�|Tvxt
x =

δx

| xbest |

r^� ~=lSj�wV� l�ln�7j �nqS|blx|Tv��yr¡|=j �n��k]onqs�7|Tv7|bl � �7� �S�{t�wyox~=�n�=rbt  �]k]on��|bo�qspGws�no7}xo |xbest|
r^� ~=lSjsv�l]k]�7}x�=|Tv

|=j wd��|Tvxt
xbest

�

  o5rXknjs|boSj t�rX�Slx|N�5qs�d�]}xwyl�|Tvxt
x =

δx

| xbest |
× 100%

r^� ~=lSjVwV� l�k]m=onqsr¡�B�dj qS|=j �n���b~=�=r^j :Nv��dj l�|Tvx~�k]oSj �7|Tv7|bl�wVj �nt�wy�¡|NmNvxqBvxt7�K( ��|Nq�j �Vk]rbm7� k]on� ¨ §ML qs�Br¡|=j �S�
qs�d�]}xwyl2r^� ~=lSjLqs�G~N�T�d�{t5�b~=�=r^j :Nv1wVj �nt�lnmN�Sr¡|N���Box~=�=m7j �n�xt�wy�¡|NmNvxqBvxt � ks� �y��qS|bl ¨ § Km

wV� l2�Box~=�=m7j �n�
wy�¡|NmNvxqBv2wdk]onm=r^��~=l%rbwy�dln~7� ¤=r^j�qs�d�]}xwyl2k]rbm7� k]on� ¨

Km  ��( ��~=l%qs�Br¡|=j �S� qs�d�]}xwyl�k]rbm7� k]on� ¨ L � ¦ML�Blnm=l]�]|Tvxm7� ¤=r^jLwV� l2k]m=onqsrX�]|=j �n��wy�¡|NmNvxqBv��SlSj�r^� ~=lSjL�Sox~T|N�2qS|bo��n�X}7|=j qS|bo k]on��wdk]onm=onpGwyr�~=l2rX}Gkn� ¤=on�Gwyr
qS|bl�k]r^j m=�nwylx|bl5rb~=�ntu�Qj qslx�s���dj �Sonp���mT��lnqS|Tvxm7� on���?�Gq�j �n�xt7�
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random
'V���������#"+�!" r^� ~=lSj��7}xrbt�oSj�k]r^j m=lnwylx|=j �S�bt�lG�nrf�nlSj �7|Tv7|Nrbt�k]on��wdk]onm=onpG~�~=l%l]k]o]�Sl]}x�N�

�n�yonpG~�wyr�rXk]ln~=�]}Gv)8�v�|X�{~5wyr¡|NmN�xqsrX�{~]�E�{�S�dm=�n¤=on�G~�|Tvx~5ln~=l]k]�n�drb�7�]|Tv5lG�nrf�nlSj �7|Tv7|bl�k]on��rbwy�dln~7� ¤=r¡|blSj
qsrW�7}xrbt�|=j t�wyr¡|NmN�xqsr^j t7�

g jn�	�n�!�#"+��� �%��$
systematic

'7���������#"+�!" r^� ~=lSj]�7}xrbt?oSjxk]r^j m=lnwylx|=j �S�btQlG�nrf�nlSj �7|Tv7|NrbtQk]on� � H�� wdk]onm=onpG~
~=l�l]k]o]�Sl]}x�G�n�yonpG~�wyrurXk]ln~=�]}Gv)8�v�|X�{~�wyr¡|NmN�xqsrX�{~]�L�W~X�ymNz�knj ~=l�}x�=�dv��SlSjS�Sl]�n��m=p^�ywVj qBv�|X�{~�onmT���n~N�{~
wy�¡|NmNvxqBvxt � ks� �y�;�7|bln~�v5qS|N�=�ywdv5rb~=�ntE¤=�=��onp��=rb~�r^� ~=lSjdqB�{qS|N�1rb�^�y�=��m=lnwywVj qswy�b~Nv  r^� ~=lSjdqs�G~NvT�Vj qswy�b~=rbtkxv7���btEwyr¡���]}G�{~�qs�GqS|Tvxwylx|=j �nz{~�qs�dl]}xwy�x|X�{~]�
�
:7� ¤=r^j{~=l%�Nz{qsr¡|Nr�j �7j lS� |NrbmNv�k]m=onqsoG�S�%qsr�wyrbm7j �S�2k]lnm=ln�=r^� ��wylx|bl qs�GqS|Tvxwylx|=j �nz{~�qs�dl]}xwy�x|X�{~�k]on�

on�dr^� }xox~T|blSjsqsrWln~X�ymNz�knj ~=l�}x�=�dv�}x�=�s� l]k]m=onqsrj:7� lntu��l]k]r^j m7� lntY|X�{~�k]r^j m=lnwylx|=j qS|Tz{~]�   o5�dlSj ~=�nwyrb~=o�|Tvxt
k]lnm=�]}G}xl�:Nvxt�k]on��k]m=o]�Sl]}xr^� |blSjVks� �y���7|bln~�|bo]k]o=�yr¡|bonpGwyr�|bo��Srb�d�]}]jVwylnt�l]k]��|Tvx~5wV� l�kx}xrb�Gm=�1�SlSjIwyr¡|N�
l]k]��|Tvx~1ln~T|=� �yr¡|Tv�|bon���=r^� �]|Tv��Slx|N��|Tvx~1ln~=�x��~N�{qBv�wVj lnt�wyr¡|Nm7j �n�xt��n}]� wyl]�Slnt � qsr��b~=l��Bm=ox~=�nwyr¡|Nm=o��
ln~=l]}xo=�dj �S���no7}7|N�nwyr¡|Nm=o1�n}Gk  r^� ~=lSjVqspG~NvT�yrbt�k]lnm=�n�=r^j ��wyl�l]k]m=onqsrj:7� lnt7��( ��~=l1k]lnm=�n�=r^j ��wyl�l]k]r^j m7� lnt�rbws��dln~7� ¤=r¡|blSjn�Slx|N��|Tvx~�rX�]|=� wdvxqBv�|Tvxt�rXknj |N�n�B�G~=qBvxt;|Tvxt;�nlnm=p=|Tv7|blnt

g
wyrYl]kx}x��rX�n�Sm=rbwy�bt7�x�]k]on�E|bo�wd�G�Sont

`k]on���7k]r^j qs�bm=�Br¡|blSjGqS|box~;|Np7k]o
g I 6xk 2` 
 T 2

k]m=�Xk]r^jx~=lu|bo�wyr¡|Nm=�x|Nr{l]k]��|bo�qBvxwyr^� o�ln~=�nmT|TvxqBvxt�|bon��~N�xwylx|bont
�X�{t�|bo5�S�b~T|Nm=o��n�nm=on�Gtu|bon���nlnm7j �7� on���SlSj��G�sjdl]k]��|bo�wd�G�Sontu|bon��~N�xwylx|bontEwy�x~=ox~]�

*,+�� - ��DE9
��52;@7 B�� � A � 9
( iu|bln~1�Sl=�yonm7j qx�yr^�L|bo qs�d�]}xwyl

δx
wVj �nt�wy�¡|NmNvxqBvxt7��|N�7|Nr�|bl qBvxwyln~T|=j �S� 8�vx�y� l�|Tvxt

xbest
wdk]onm=onpG~�~=l

�Sl=�yonm7j qx�yonpG~EqS|Tvx~�|NrX}]j �n��l]k]�n~T|TvxqBvB�
������� �	�.�f�	"	���_��".� �1�?r��S�=�yr�|NrX}]j �n� l]k]�n~T|TvxqBv2|bo |NrX}xrb�=|blS� o"qBvxwyln~T|=j �S�w8�vx�y� o |Tvxt

xbest
k]m=�Xk]r^j

~=l�r^� ~=lSjIqs�G~N�T�d�{t�|Tvxt�� �7j lnt�|N��:Nvxt�wyr¡���`�yon�Gt � k]on�1qBvxwylS� ~=r^jIqS|Tvx~�� �7j l��=rX�Sln�7j �n���7k]on�7j lS� m=rbqBv  wyr�|boqs�d�]}xwyl
δx
�

$&"��+".���n
 i��#"+�!"
R ¦ � Q ¨ ± § � � I R ¦ � Q ± § � �R ¦ � Q ¨ ± � I R �

±
�

R ¦ � Q ¨ ± � § I R § ± � §
x I � � ¨ ¦ � 6 ×

¨ § 4 ± ¦ m I � � � ¨ ¦ � 6 ± § � §G§G§G¦M × ¨ § 4 m
υ I QS� ¨ ¦ � 6%7CL ± § � § � ¨ ¦ m/s I QS� ¨ ¦ ± § � § � m/s

( iu|bln~�rX�]|NrX}xonpGwyr�wV� l�qsr^j m=��lnm7j �ywdv7|=j �nz{~�k]m=��:=rX�{~��dj l�~=l��nm=onpGwyr�|Tv
xbest

�Iks� �y��wyr��7k]o7}xo=�dj qS|T�
�Br^j m=�nt7�I�=rb~5�Bm=r^j �n¤=r¡|blSjI~=l�qS|Nm=o=�B���7}xrbpGon�Gwyr�|=j t�|=j wy�bt�qsr��S�=�yrE�]�xwyl���l]}G}x��qS|bo�|NrX}]j �S��l]k]o7|N�X}xrbqswyl
wy�x~=o��
*,+�� .���52;��?5!6�; < � 9 D > 5!9
��� - ��DE9
��52;@7���� � � A ����� 7:9�; -=<?> 52;@7���� -=A 941
D B 5����
  o qs�Br¡|=j �S�¥qs�d�]}xwyl qs�Br¡|=� ¤=r¡|blSjQwyr5|box~�lnm7j �ywy�%|X�{~�qBvxwyln~T|=j �nz{~d8�vx�y� �{~]�"�W�=|N� wdk]onm=r^��~=l �dln~=r^�
rbp7�So7}xl�ln~��=rb�G�yonpGwyrW�7|=jd�S�=�yrWlnm7j �ywy�ntWwyr

N
qBvxwyln~T|=j �S�e8�vx�y� l5k]lnm=on�Gq�j �n¤=r^j�qs�d�]}xwyl � lG�nrf�nlSj �7|Tv7|bl  k]rbm7� k]on� ¨ qS|bo

N
�`j onqS|N� 8�vx�y� o��4( ��|Nq�jBoSjSlnm7j �ywyoS�

x I ¦ ¨ �SlSj y I § � ¦ ¨ �]k]on���b�Bon�G~W�=pGo�qBvxwyln~T|=j �S��8�vx�y� l����m=�n�dox~T|blSjyqspGwy���{~=l1wyrE|Tvx~�qspGws�nlnqBv�k]on��ln~=ln�d�bm=lnwyr��{t7�
x I ¦ ¨ ± ¨ �SlSj

y I § � ¦ ¨ ± § � § ¨ �W�Wlnm=�7}xok]on��oSjB�=pGo�lnm7j �ywyoS�B�b�Bon�G~Erb~T|NrX}Gz{t��7j ln�donm=r¡|=j �S��l]k]�7}x�=|bl5qs�d�]}xwylx|bl�k]lnm=lx|Tvxm=onpGwyr;�7|=jsrbwy�dln~7� ¤=on�G~Y|bo
� �7j o�qs�Br¡|=j �S�5qs�d�]}xwyl��
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δx

| xbest |
=

δy

| ybest |
=

1

21
=

0.01

0.21
= 0.05 = 5%

( ��|Nq�j �B|bo5��r¡��ox~=�ntW�7|=jdoSj�lnm7j �ywyoS� ¦ ¨ �SlSj § � ¦ ¨ � � ¦ � ¨ �B� § � §G§G¦ ¨ �n}Gk  �b�Bon�G~��=pGo�qBvxwyln~T|=j �S��8�vx�y� lr^� ~=lSjsj qson�=pG~=lnwyo�wyr;|bo5~=l�k]onpGwyru�7|=jsr^� ~=lSjc7 L lG�n�f�nlSj oSj � P r;|box~�� �7j o�|Nm=�]k]o��]|bo ¦ ¨ � § �Bwyr � qBvxwyln~T|=j �S�8�vx�y� l5r^� ~=lSj § � 7 L lG�n�f�nlSj o����u|N�G�Sz{t7�sln�=|T��v5�BmN�xq�j wdv�ln~T|=j qS|boSj �s� l�r^� ~=lSj�wy�x~=o�k]m=onqsr¡�B�dj qS|=j �n�B�

M j l2k]lnm=�n�=r^j ��wyl�o%lnm7j �ywy�nt ¨ § ��wyr��=pGo%qBvxwyln~T|=j �S� 8�vx�y� l���qBvxwylS� ~=r^j � ¨ § ±
¨ I ¨ § ±

¨ §ML ��rb~Nzo%lnm7j �ywy�nt RCR � wyr��=pGo2qBvxwyln~T|=j �S� 8�vx�y� l��SlSj�ln�=|N�nt  qBvxwylS� ~=r^j � RCR ±
¨ I RCR ±

¨ L � M � ~=r¡|blSj�}xoSj k]�x~rbwy�dln~=�bt��7|=j�|bo%qs�Br¡|=j �S�2qs�d�]}xwyl�k]on��qs�G~=�=�br¡|blSjLwyr��=pGo2qBvxwyln~T|=j �S� 8�vx�y� l1�nm7� qB�Sr¡|blSj�qS|bo �7j �nqS|Tvxwyl
wyr¡|bl�:=p ¨ L �SlSj ¨ §ML ��ln~=�]}xo=��l1wyr�|bo�k]mNz�|bo 8�vx�y� o�|bon�1lnm7j �ywyonpS� ( ��|Nq�jLwdk]onm=onpGwyr�~=l�onm7� qson�Gwyr�wV� lk]m=onqsr¡�B�dj qS|=j �n��ln~T|=j qS|boSj �s� l�wyr¡|bl�:=p�qBvxwyln~T|=j �nz{~z8�vx�y� �{~��SlSj�qs�Br¡|=j �nz{~�qs�dl]}xwy�x|X�{~]�

�E� ~=l]�Slnt ¨ ���Wm=onqsr¡�B�dj qS|=j �n��ln~T|=j qS|boSj �s� l�wyr¡|bl�:=p�qBvxwyln~T|=j �nz{~;8�vx�y� �{~��SlSjsqs�Br¡|=j �nz{~�qs�dl]}xwy�x|X�{~]�
�Wm7j �ywy�ntWqBvxwyln~T|=j �nz{~;8�vx�y� �{~ �?�Br¡|=j �S�5qs�d�]}xwyl5wyr¡|bl�:=p ���Box~=�=m7j �S�

¨ ¨ §ML �SlSj ¨ §G§ML 7 §ML
¦ ¨ L �SlSj ¨ §ML 7 L� § � ¨ L �SlSj ¨ L § � 7 L

� � �
��
 ������� �2�?� �?� � 
���� ����� ������� �
�?�G~N�T�d�{t2o �Sl=�yonm7j qswy�nt�wVj lnt��d�Gq�j �n�xt�k]lnm=lnwy�¡|Nm=on� k]m=o]�Sp7kG|Nr^jul]k]�"|Tvx~¥wy�¡|NmNvxqBv.�]}G}G�{~ �d�Gq�j �nz{~
k]onqso7|T�7|X�{~ � ks� �y��v�vG}xrX�]|Nm7j �n��ln~T|=� qS|blnqBv5k]m=o]�Sp7kG|Nr^j�l]k]��|Tvx~�wy�¡|NmNvxqBv�|Tvxt�|N�nqBvxtW�SlSjB|bon��m=rbpGwylx|bont  �
M j l8ln�=|N�bt�|=j t%k]rbm7j kG|Tz{qsr^j t2k]m=�Xk]r^ju~=l �Sl=�yonm7j qx�yonpG~2�Sln~=�x~=rbt�wyr¡|N�n�=onqBvxt�|X�{~¥qs�dl]}xwy�x|X�{~¥l]k]�.|=j twyr¡|NmN�xqsr^j t7� M rb~7j �nz{t7��oSjI�Sln~=�x~=rbt�wyr¡|N�n�=onqBvxt�qs�dl]}xwy�x|X�{~�ln~=ln�d�bm=ox~T|blSjVqS|Tvx~�k]rbm7� kG|X�{qBv��]k]on�1�b�Bon�G~wyr¡|NmNvT�yr^�d�7j �n�donm=rbtuk]onqs�7|Tv7|Nrbt

x
� � � � �

w
wyrEqs�d�]}xwyl

δx
� � � � �

δw
�SlSjd¤Nv7|N�nwyrW~=l��BmNvxq�j wyo]k]oSj vT�yonpG~�ln�=|N�bt

oSjd|=j wy�bt��dj l�~=l1�7k]o7}xo=�d� qson�Gwyr�wV� l1k]onqs�7|Tv7|bl
q
�   l�qs�d�]}xwylx|bl1qS|bl

x
� � � � �

w
wyr¡|bln�7� �=ox~T|blSjVwy�bqsl1l]k]�

|box~��7k]o7}xo=�dj qswy���SlSjBk]m=o]�Sl]}xonpG~��b~=l5qs�d�]}xwyl5qS|bo
q
qspGwy���{~=l�wyru|bon�Gt�l]�S�7}xon�^�yon�Gtu�Sln~=�x~=rbt7�

��+-* .
	���6��	� DE945!987:9�; 6 ;�9 A 6
�����
�W~

q = x + ... + z − (u + ... + w),
� ¦M |N�7|Nr

(δq)2 = (δx)2 + ... + (δz)2 + (δu)2 + ... + (δw)2
� �  wy�x~=ox~��n~E|bl�qs�d�]}xwylx|bl5r^� ~=lSj "	�b�������_�n�N�!" �SlSj ��j	��"G
c" �

( �W~E|bl�qs�d�]}xwylx|bl5�=rb~�r^� ~=lSj "	�b�������_�n�N�!" wyr¡|bl�:=p�|bon�GtW|N�7|Nr=�

δq ≤ δx + ... + δz + δu + ... + δw
� 6  k]on��j qs�BpGr^jdqsrW�7}xrbt�|=j tEk]rbm7j kG|Tz{qsr^j t7�



c© � � � �������	��

�������	������� �	����� �!�#"��%$&"	�('��#� )*$&"+�,�.-/� O

��+�� � ;���0�D > ��9 7:9�;����41
� 7:9
�W~

q =
x × ... × z

u × ... × w
,

� 7  
|N�7|Nr

(

δq

q

)2

=

(

δx

x

)2

+ ... +

(

δz

z

)2

+

(

δu

u

)2

+ ... +

(

δw

w

)2 � L  
wy�x~=ox~��n~E|bl�qs�d�]}xwylx|bl5r^� ~=lSj "	�b�������_�n�N�!" �SlSj ��j	��"G
c" �
( �W~E|bl�qs�d�]}xwylx|bl5�=rb~�r^� ~=lSj "	�b�������_�n�N�!" wyr¡|bl�:=p�|bon�GtW|N�7|Nr=�

δq

| q |
≤

δx

| x |
+ ... +

δz

| z |
+

δu

| u |
+ ... +

δw

| w |

� O  
k]on��j qs�BpGr^jdqsrW�7}xrbt�|=j tEk]rbm7j kG|Tz{qsr^j t7�

��+�� � > 5���6 �4D > ��� /�6
� 0,5��45!9 > /�� �?5!9 	 > ��0 9
�2; 	 DE0
�W~

B
r^� ~=lSj��b~=lntY��~N�{qS|N�ntW�SlSj�qS|bl=�yrbm=�ntElnm7j �ywy�nt � ks� �y�

B I k  �SlSj

q = Bx,
� Q  

|N�7|Nr
δq = Bδx

� R  �5j qson�=pG~=lnwyl
δq

| q |
=

δx

| x |

� ¨ §M 

��+�� -=ACB 1
DE9 D�; B ��������9�D �
�
�W~

n
r^� ~=lSj��b~=lntY��~N�{qS|N�ntE�SlSjsqS|bl=�yrbm=�ntElnm7j �ywy�ntu�SlSj

q = xn,
� ¨G¨  

|N�7|Nr
δq

|q|
= |n|

δx

|x|

� ¨ ¦M 

��rj:7� qB�{qBv � ¨ ¦M �=r^� �B~=r^jV�7|=jy�dj l n >
¨ |bo�wyr¡|bln�7j �=�nwyrb~=o�qs�d�]}xwyl

δq
wyr¡��r`�ypG~=r¡|blSj �yrb~Nz8�dj l

n <
¨

|bo5qs�d�]}xwyl�qS|bo
δq
qswVj �Sm=pG~=r¡|blSj � ks� �y�{�7|bln~��7k]�nm=�Br^jS|Nr¡|Nm=lx�s�{~7j �n��m7� ¤=l��S�]k]on�

n I ¨ 
7¦ �n|bo�qs�d�]}xwyl�qS|bo
δq
�7k]on�7j kx}xlnq�j �n¤=r¡|blSj  �   o�qs�Gwdk]�bm=lnqswyl�r^� ~=lSj��7|=jV�dj l�~=l��Sm=lx|T�xqson�GwyrE|bo δq

�nqso1�d� ~=r¡|blSj�wVj �Sm=�7|Nrbm=o
k]m=�Xk]r^jI~=l1wyr¡|NmN�xqson�Gwyr�wyr��nqso��d� ~=r¡|blSj�wyr¡��l]}xp=|NrbmNv�l]�Sm7� �nr^j l�|=j t��d�Gq�j �S�bt�k]onqs�7|Tv7|Nrbt�k]on���C8�z{~=ox~T|blSj
qsr��S�]k]oSj l��=pG~=lnwdv

n >
¨ �Sz{qS|NrE~=l5rXknj |NpG�Bon�Gwyru|bo�rX}x�n�sj qS|bo��=�G~=lx|N�5qs�d�]}xwyl5qS|bo

δx
�
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q=q(x)
r^� ~=lSjywVj l1qs�G~=�nmT|TvxqBv�|bon�

x
� ks� �y��wVj l5|Nm7j �s�{~=onwyr¡|Nm7j �n����rX�7�yr¡|=j �n���5}xo=��lnm7j �ywVj �n�5qs�G~=�nm^�

|TvxqBv  |N�7|Nr=�

δq =

∣

∣

∣

∣

dq(x)

dx

∣

∣

∣

∣

δx
� ¨ �  

��|Tvx~�k]rbm7� kG|X�{qBv�k]on��v
q(x)

r^� ~=lSjswVj l�k]rbm7� kx}xo]�nv�qs�G~=�nmT|TvxqBv�wVj �nt�wyr¡|blG�]}Gv7|T�xt�|N�7|NrWr^� ~=lSjsrb�7�So7}x�G�
|Nrbm=o5~=l5�BmNvxq�j wyo]k]oSj r^� |Nru|box~�j qson�=pG~=lnwyo�|Np7k]o��

δq =| q(xbest + δx) − q(xbest) |
� ¨ 6  

��+�� � > �2;@7:0
� 5��,/�6
���C;�9 D > 5 B ��6
��� � ACB 1
DE945!6
�
�W~

q = q(x, ..., z)
r^� ~=lSjswVj l5qs�G~=�nmT|TvxqBv�|X�{~

x
� � � � �

z
|N�7|Nr=�

(δq)2 =

(

∂q

∂x
δx

)2

+ ... +

(

∂q

∂z
δz

)2 � ¨ 7  
wy�x~=ox~5�n~�|bl2qs�d�]}xwylx|bl�r^� ~=lSj "	�b�������_�n�N�!" �SlSj ��j	��"G
c" � � M j l�|=j t�wyrbm7j �S�bt�k]lnm=lx�sz���on�Gt ∂q/∂x

� � � � �
∂q/∂z

�]}x�Xk]ru|bo�wyl=�dvxwylx|=j �S��qs�Gwdkx}G�xmN�{wyl5qS|bo5|N�X}xont�|X�{~�qBvxwyr^j z{qsrX�{~  �
( �W~E|bl�qs�d�]}xwylx|bl5�=rb~�r^� ~=lSj "	�b�������_�n�N�!" wyr¡|bl�:=p�|bon�GtW|N�7|Nr=�

δq ≤

∣

∣

∣

∣

∂q

∂x

∣

∣

∣

∣

δx + ... +

∣

∣

∣

∣

∂q

∂z

∣

∣

∣

∣

δz
� ¨ L  

k]on��j qs�BpGr^jdqsrW�7}xrbt�|=j tEk]rbm7j kG|Tz{qsr^j t7�
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¨  �Wrbm7��ln~=rj:=lnmT|Tvxq�� lntWqs�dl]}xwy�x|X�{~

M j l ~=l%�7k]o7}xo=�d� qson�Gwyr5|Tvx~�wyr¡|N�n�=onqBv2qs�d�]}xwylx|bont�|Tvxt q = x(y − z sinu)
l]k]�2|=j t1wyr¡|Nm=onpGwyrb~=rbt

k]onqs�7|Tv7|Nrbt
x
�
y
�
z
�
u
l]�So7}xon�^�yonpGwyr?|bl5k]lnm=l]�S�x|X� �]�xwylx|bl��{l  �7k]o7}xo=�d� ¤=on�GwyrY|Tvx~�qs�G~=�nmT|TvxqBv δ(sin u)l]k]�5|Tvx~�rj:7� qB�{qBv � ¨ �  �B�  wyr¡|N��|bo��dj ~=�nwyrb~=o z

rXkn�
sinu

l]k]�5|Tvx~�rj:7� qB�{qBv � �  �s�  wyr¡|N��|Tvx~��7j ln�donm=�
δ(y − z sinu)

l]k]��|Tvx~�rj:7� qB�{qBv � �  �s�  �SlSjB|N�X}xont�|bo��dj ~=�nwyrb~=o x(y − z sinu)
l]k]��|Tvx~�rj:7� qB�{qBv � �  �

�W�=|T� v2�]�xwylG� k]m=ont¡� �]�xwyl¥�7j ln�7j �Slnq�� l �=rb~�wdk]onm=r^�Q~=l¥rb�dlnm=wyonqS|Nr^��qsr1qs�G~=lnmT|T�xqsr^j t1k]on�%k]rbm7j }xlnws�
�n�n~=on�G~5|bon�7}x�n�sj qS|box~�wVj l%wyr¡|blG�]}Gv7|T�2v2o]k]oS� l rbwy�dln~7� ¤=r¡|blSjLk]rbm7j qsqs�7|Nrbm=o%l]k]� wVj l%�donm=�����]kx�{t�qS|Tvx~]�
q = y − x sin y

�8iEj��=pGo �nm=oSj{�=rb~�r^� ~=lSj "	�b�������_�n�N�!)G� �dj lx|=�Qrj:=lnmT|Tz{~T|blSj�l]k]�%|Tvx~
y
� ( ��|Nq�j ���dj l ~=l

�7k]o7}xo=�d� qson�Gwyr�|bo�qs�d�]}xwyl
δq
k]m=�Xk]r^jd~=l5rb�dlnm=wy�nqson�Gwyr?|box~���rb~7j �S��|Np7k]o�l]k]��|Tvx~�rj:]� ¨ LS�

¦M ��:=�nmT|TvxqBv�qs�dl]}xwy�x|X�{~�qS|=j t��=�G~=�nwyr^j t
��k]��|Tvx~�rj:7� qB�{qBv � ¨ ¦M ��~N�{m7� ¤=on�Gwyru�7|=js|bo�qs�d�]}xwyl�qS|Tvx~�qs�G~=�nmT|TvxqBv q=x2

r^� ~=lSj �

δq

| q |
= 2

δx

| x |

���So7}xon�^�dz{~T|blnt��nwd�{t1�b~=l l]k]lx|TvG}x�¥rXknj �Br^� mNvxwyl¥wdk]onm=onpGwyr5~=l��yrX�{mN�xqson�Gwyr�|bo
q=x2 = x × x

�
o]k]�7|NrWqspGwy���{~=l5wyrY|Tvx~�rj:7� qB�{qBv � L  �dj l�|bo��dj ~=�nwyrb~=o��b�Bon�Gwyr=�

(

δq

q

)2

=

(

δx

x

)2

+

(

δx

x

)2

=⇒
δq

q
= (2)1/2

δx

| x |

|bo�qs�Gwdk]�bm=lnqswyl5r^� ~=lSjs}x�=�yont7���Wm7j ~��=r^� |Nru|Tvx~�l]k]�n~T|TvxqBvB�swdk]onm=r^� |NrW~=l��nm=r^� |NrWk]onp�r^� ~=lSjB|bo5}x�=�yont
;

�   o�}x�=�yontEr^� ~=lSjd�7|=jdv�rj:7� qB�{qBv � L  j qs�BpGr^jVwy�x~=ox~�ln~�|bl1qs�d�]}xwylx|bl�qS|bon�Gt��7j �n�donm=on�Gtuk]lnm=�x��ox~T|Nrbtr^� ~=lSjIln~=rj:=�nmT|Tv7|bl���( iu|bln~�}xoSj k]�x~���m=�n�don�GwyrW|bo
q=x2 = x × x

�IoSjI�=pGo��nm=oSj �
x
�SlSj

x  �=�b~�r^� ~=lSjIln~=rf�:=�nmT|Tv7|boSjs�SlSj�rXk]onwy�b~N�{t�v�rj:7� qB�{qBv � L  �=rb~�j qs�BpGr^j �  
�  �{�]|=� wdvxqBv�|bon� g

wyrW�b~=l5l]kx}x�5rX�n�Sm=rbwy�bt
� k]rbm7� on�=ontW|bl]}x�n~T|X�{qBvxt

T
rb~=�nt�l]kx}xonp�rX�n�Sm=rbwyonpGtWr^� ~=lSj

T I ¦ k � `/g  1/2
� P �¡|NmNvxqBv�|bon�5wd�G�Son�Gt

`l]k]��|bo�qBvxwyr^� o�ln~=lnmT|T�xqsrX�{t�|bon��~N�xwylx|bont��X�{t�|bo��S�b~T|Nm=o5�n�nm=on�Gt�|bon���nlnm7j �7� on�5�SlSjd|Tvxt
T
wdk]onm=r^�I~=l

wylntW�Nz{qsr^jdwV� l�rX�]|=� wdvxqBv�|Tvxt�rXknj |N�n�B�G~=qBvxt�|Tvxtu�nlnm=p=|Tv7|blnt
g
�

g = 4π2`/T 2

�W�=|N�Y|boEl]k]o7|N�X}xrbqswyluwylnt��7� ~=r^jT|bo
g
qsln~Qqs�G~=�nmT|TvxqBv;|X�{~�|Nm7j z{~�k]lnm=lx���x~T|X�{~m6xk

2
�
`
�SlSj

T 2
�����d�nqsox~

|bl�ln~T|=� qS|boSj �Bl2qs�d�]}xwylx|bl�r^� ~=lSjIln~=rj:=�nmT|Tv7|bl��SlSjy|N�G�BlS� l�wdk]onm=onpGwyr�~=l�rb�dlnm=wy�nqson�GwyrW|Tvx~��]�xwylG� k]m=ont¡�
�]�xwyl2wy�`�yon�=o�wyr¡|N�n�=onqBvxt�qs�dl]}xwy�x|X�{~]�#( ��|Nq�j ��o�k]lnm=�x��ox~T|blntz6xk

2
�=rb~��b�Br^jLqs�d�]}xwyl2rb~Nz |bo%qs�Br¡|=j �S�

qs�d�]}xwyl5qS|bo
T 2
�7� ~=r¡|blSj�l]k]��|Tvx~�rj:7� qB�{qBv � ¨ ¦M �
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δT 2

T 2
= 2

δT

T

( �Wm=l�|bo�qs�Br¡|=j �S��qs�d�]}xwyl5qS|Tvx~�l]k]�n~T|TvxqB��wylntu�dj l�|bo
g
�7� ~=r¡|blSj�l]k]��|Tvx~�rj:7� qB�{qBv � L  �

(

δg

g

)2

=

(

δ`

`

)2

+

(

2
δT

T

)2

6  �{�]|=� wdvxqBv�|bon��qs�G~T|NrX}xrbqS|T�5�7j �=�d}xlnqBvxt�l]k]��|bo�~=�nwyo�|bon� Snell

( iu|bln~�wV� l�l]�]|=� ~=l�����|N�nt�r^j qs�bm=�Br¡|blSjyl]k]�5|box~�ln�bm=l�qsrW���Gl]}]�yoSj��s�{~7� rbt�r^j qs�n�=on���
i
�SlSjd�7j �=�d}xlnqBvxt

�
r
onm7� ¤=ox~T|blSjd�{t�v�l]k]�]�n}]j qBv�l]k]��|Tvx~��S�=�yr¡|bo1qS|bo�qBvxwyr^� o�r^j qs�n�=on��|Tvxt��7j rXknj �d�n~=r^j lnt��SlSjVqs�Br¡|=� ¤=ox~T|blSj

wyr¡|bl�:=pE|bon�Gt�wyr?|bo�~=�nwyo�|bon�
Snell

�
sin
�

i I � sin
�

r
�S�]k]on� � r^� ~=lSjBo�qs�G~T|NrX}xrbqS|T�xt��7j �=�d}xlnqBvxt?|bon�����GlG�

}]j onpS��( ��|Nq�j ��wyr¡|NmNz{~T|blnt�|=j tW�s�{~7� rbt�r^j qs�n�=on�W�
i
�SlSj��7j �=�d}xlnqBvxt?�

r
wdk]onm=onpGwyr�~=l��b�Bon�GwyrWwVj l5rX�]|=� wdvxqBv

|bon� � �

η =
sinθi

sinθr

�{k]r^j �N��o�qs�G~T|NrX}xrbqS|T�xt��7j �=�d}xlnqBvxt � r^� ~=lSjSwVj l�qs�Br¡|=j �S��k]rbm7� kx}xo]�nvE|Nm7j �s�{~=onwyr¡|Nm7j �n��qs�G~=�nmT|TvxqBv��=pGo
ln~=rj:=�nmT|Tv7|X�{~�wyr¡|blG�]}Gv7|Tz{~�wylnt��7j rb�7�So7}xpG~=r^j�~=l2�BmNvxq�j wyo]k]oSj �xqson�Gwyr�|Tvx~1rj:7� qB�{qBv � L  �dj l�|bo%kxvG}]� �So��qsr��b~=l5�]�xwylG� k]m=ont¡� �]�xwyl1�7k]o7}xo=�dj qswy���Vk]lnm=�1~=l�rb�dlnm=wy�nqson�Gwyr�|bo1��rb~7j �S�5|Np7k]o��BmNvxq�j wyo]k]oSj z{~T|blntE|Tvx~
rj:7� qB�{qBv � ¨ 7  �

(

δη

η

)2

=

(

δ sin θi

sin θi

)2

+

(

δ sin θr

sin θi

)2

M j l�~=lE�nm=onpGwyr{|bo�qs�Br¡|=j �S��qs�d�]}xwyl�|bon�EvxwVj |N�x~=on�W�S�=�yr{�s�{~7� lnt;�BmNvxq�j wyo]k]oSj onpGwyr{|Tvx~Wrj:7� qB�{qBv � ¨ �  �dj l�|bo�qs�d�]}xwyl5qs�G~=�nmT|TvxqBvxtEwVj �ntWwyr¡|blG�]}Gv7|T�xt7�

δ sin θ =

∣

∣

∣

∣

d sin θ

dθ

∣

∣

∣

∣

δ sin θ = | cos θ|δθ
�sqsr

rad

( ��|Nq�j�|bo�qs�Br¡|=j �S�5qs�d�]}xwyl5r^� ~=lSj �

δ sin θ

| sin θ|
=| cotθ | δθ

�sqsr
rad

�Wm=onqs�b�Bon�Gwyr��7|=j�qS|box~��7k]o7}xo=�dj qswy�2qs�dl]}xwy�x|X�{~�|Nm7j �s�{~=onwyr¡|Nm7j �nz{~5qs�G~=lnmT|T�xqsrX�{~�oSjI�s�{~7� rbt��7k]oG�
}xo=�d� ¤=ox~T|blSjsk]�n~T|bo7|NrEqsrWl]�]|=� ~7j l � ¨

rad I k 
 ¨ Q § o  �
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� � �x������� ���M�����F�?�����K� 
 � ����� ������� �
��+-* � � ��� 52;�D �87:9�; / 3,/:;@7 � .	/�047�1�;����
��k]o=�y�¡|bon�Gwyr��7|=jsqs�7}G}x�¡��ox~T|blSj

N
wyr¡|NmN�xqsr^j t

x1

�
x2

� � � � �
xN

�dj l�|Tvx~�� �7j l�k]onqs�7|Tv7|bl
x
�B�7}xrbtWwyrY|Tvx~�� �7j l

wy�`�yon�=o�� P ru|Tvx~�k]m=o
ϋ
k]�=�yrbqBv��7|=jd�7}xl�|bl�qs�d�]}xwylx|bl5r^� ~=lSjB|N�G�BlS� l��SlSj�wVj �Sm=��k]lS� m=~=on�GwyrY|bl�l]�S�7}xon�^�yl

l]k]o7|NrX}x�bqswylx|bl��
¨  P �bqBv�|=j wd�
� �Sl]}xp=|NrbmNv�rX�]|=� wdvxqBv5�dj l�|Tvx~�k]m=lx��wylx|=j �n��|=j wd�5|bon�

x
r^� ~=lSjyv�wy�bqBv5|=j wd� �

mean value  |X�{~ Nwyr¡|NmN�xqsrX�{~]�

x =
1

N

N
∑

i=1

xi = xbest
� ¨ O  

¦M   �7knj �n��l]k]�]�n}]j qBv
  o5wy�bqso�rbpGm=ontY|Tvxt��Slx|bln~=onwd�xtY|X�{~�qs�dl]}xwy�x|X�{~E��pGmN�"l]k]��|Tvx~�wy�bqBv�|=j wd��|X�{~

N
wyr¡|NmN�xqsrX�{~

x1

�
x2

� � � � �
xN

�7� ~=r¡|blSj�l]k]��|Tvx~�|N�7knj �n��l]k]�]�n}]j qBv �
standard deviation  �

σ2

x =
1

N − 1

N
∑

i=1

(xi − x)2
� ¨ Q  

�W�=|N�nt?o�onm7j qswy�nt{|Tvxt�|N�7knj �n�xt;l]k]�]�n}]j qBvxt7�Gk]on�Wqs�G�B~=��l]k]o]�Sl]}xr^� |blSjx�SlSj=|N�7knj �n��l]k]�]�n}]j qBvW�=r^� ��wylx|bont
�
sample standard deviation  ��r^� ~=lSj�o�knj ���Slx|N�]}G}GvG}xont��dj l�|bo%qB�So]k]�2wylnt7��� kx}GvT�y�GqswVj l]�n�1|N�7knj ��n��l]k]�]�n}]j qBv �

population standard deviation  �nm7� qB�Sr¡|blSj{ln~T|=j �Sl=�Vj qS|Tz{~T|blnt�|box~�k]lnm=�x��ox~T|bl � N � ¨  qS|box~Ek]lnm=ox~=onwylnqS|T��wyr?|bo
N
�4( iWqsoSjS}xoSj k]�x~��BmNvxq�j wyo]k]oSj onpG~W�¡|boSj wyrbtuqs�G~=lnmT|T�xqsr^j tu�7k]o7}xo=�dj qS|Tz{~W�dj l�~=l

�nm=onpG~�|Tvx~�|N�7knj �n�1l]k]�]�n}]j qBv1k]m=�Xk]r^j�~=l��7j rb�7�Sm7j ~7� qson�G~�k]oSj �x~�l]k]�1|bon�Gt��=pGo�onm7j qswyonpGt��BmNvxq�j wyo]k]oSj r^�Io
�7k]o7}xo=�dj qS|T�xt7�
� |N�7knj �n��l]k]�]�n}]j qBv

σx
rX�S�dm=�n¤=r^jB|bo�rbpGm=ontW|Tvxt��Slx|bln~=onwd�xtW|X�{~5qs�dl]}xwy�x|X�{~�k]on�5�b�Br^jd�dj l��S�b~T|Nm=o

|Tvxt�|Tvx~�wy�bqBv1|=j wd�B�   o�rbpGm=ont
σx
r^� ~=lSjI|bo%�nm7j o�rbwdknj qS|bonqspG~Nvxt�|bon��LCQ L �Lk]on��wylnt�}x�br^j��7|=j��7k]�nm=�Br^jLCQ L knj �yln~=�7|Tv7|bl��dj l��S�=�yrEwVj l1wy�¡|NmNvxqBv

x1

�
x2

� � � � �
xN

~=l5�nm7� qB�Sr¡|blSjIwy�bqsl�qsr�wV� l�l]k]�nqS|blnqBv
σx
l]k]�

|Tvx~�k]m=lx��wylx|=j �n��|=j wd�
x = xbest

�
��|Tvx~uk]m=��:NvWln�=|N��k]on�
:=�bm=on�Gwyr�r^� ~=lSjxoSj

N
wyr¡|NmN�xqsr^j t

x1

�
x2

� � � � �
xN
�]�]k]on�u|bo

N
r^� ~=lSj7|N�nqso�wyr¡���]}xo

�nqso�o��7j l=�y�bq�j wyontW�Bm=�x~=ontWwylntE�SlSj�v5�7k]onwyox~N�5wylntErXknj |Nm=�Xk]r^jy~=l5|bo��S�n~=on�Gwyr=� { lnq�j ¤=�nwyrb~=oSjsqsr�ln�=|N�bt
|=j t

N
wyr¡|NmNvxwy�b~=rbt�|=j wy�bt7�Lv��Sl]}xp=|NrbmNv�rX�]|=� wdvxqBv1|Tvxt�k]m=lx��wylx|=j �n�xt�|=j wd�xt�|bon�

x
r^� ~=lSj�v�wy�bqBv1|=j wd�

x�SlSjyv��Sl]}xp=|NrbmNv�rX�]|=� wdvxqBv�|bon��rbpGm=on�GtE|Tvxt��Slx|bln~=onwd�xtW|X�{~
N
|=j wdz{~���pGmN� l]k]��|Tvx~

x
r^� ~=lSjyv5|N�7knj �n�

l]k]�]�n}]j qBv
σx
�

��+�� � > 5 B ��6
��� � A 941
D B 5���� �?5��
�
σq

5��
�
q(x, y, ..., z)

  o�k]m=�G�]}GvxwylW|Tvxt?wyr¡|N�n�=onqBvxtQqs�dl]}xwy�x|X�{~Yk]m=o]�Sp7kG|Nr^jx�7|bln~uwyr¡|Nm=onpGwyr��b~=ln~;lnm7j �ywy�E�7j ln�donm=r¡|=j �nz{~?�d�Gq�j �
�nz{~uk]onqso7|T�7|X�{~

x, y, ..., z
�S�7}xrbtYwyr�|bl��7j �S�E|bon�GtYqs�d�]}xwylx|bl��x�SlSjnwyr¡|N���y�X}xon�Gwyr?~=l��BmNvxq�j wyo]k]oSj �xqson�Gwyr

ln�=|N�bt�|=j t�k]onqs�7|Tv7|Nrbt��dj l�~=l1�7k]o7}xo=�d� qson�Gwyr�|Tvx~�qs�G~=�nmT|TvxqBv
q(x, y, ..., z)

���W~�oSjV�7j ln�donm=r¡|=j �S�btWk]onqs�G�
|Tv7|Nrbt

x, y, ..., z
�7k]�]�Sr^j ~T|blSj�wy�x~=ox~1qsr5|N�G�BlS� l¥qs�d�]}xwylx|bl%|N�7|Nr�v%�S�=�yr5wVj l��yl rbwy�dln~7� ¤=r^j��b~=l rbpGm=ont
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�Slx|bln~=onwd�xt
σx, σy

� � � � �
σz
����k]on�=r^j �S~=pGr¡|blSjI�7|=jLoSjV|=j wy�bt�|Tvxt

q(x, y, ..., z)
�Slx|bln~=�bwyox~T|blSjy��pGmN��l]k]�1|Tvx~

�Sl]}xp=|NrbmNv�rX�]|=� wdvxqBv�|Tvxt
q(x, y, ..., z)

wyrY|N�7knj �n��l]k]�]�n}]j qBv � rbpGm=ont  �

σ2

q =

(

∂q

∂x
σx

)2

+ ... +

(

∂q

∂z
σz

)2 � ¨ R  

� rj:7� qB�{qBv � ¨ R  �b�Br^jLln~=�]}xo=�sv1wyonm=����wyr�ln�=|T�x~�|Tvxt�rj:7� qB�{qBvxt � ¨ 7  ���W�=|N���=r^� �B~=r^j��7|=j�v�|N�7knj �n�l]k]�]�n}]j qBv
σq
�7k]�b�Br^jB|box~�m=�7}xo�|Tvxt

δq
�dj l�|Tvx~�wyr¡|N�n�=onqBv "	�b�������_�n�N���/�\�	"G����j	��"G
 �/� qs�dl]}xwy�x|X�{~]�

� �!���#" ��|Tvx~�k]rbm7� kG|X�{qBv�k]on�
q(x, y, ..., z) = x + y + ... + z

|N�7|NrYv
σ2

q = σ2
x + σ2

y + ... + σ2
z

�]�dj lx|=�
oSj�wyrbm7j �S�btuk]lnm=�x�s����oSj�qS|Tvx~�rj:]� ¨ R�r^� ~=lSj�wyox~=�n�=l��

��+�� / 3,/:;@7 � 94/�047�1�;���� 94/�085��
� D � ��� 52;�D �
σx� |N�7knj �n��l]k]�]�n}]j qBv�l]k]��|Tvx~5wy�bqBv5|=j wd�

σx
�nm7� qB�Sr¡|blSjIrb�dlnm=wy�n¤=ox~T|blnt�|Tvx~5rj:]� ¨ R��dj l�|=j t

N
wyr¡|NmN�xqsr^j t

x1

�
x2

� � � � �
xN

|Tvxt�� �7j lnt�k]onqs�7|Tv7|blnt
x
�

(σx)2 =

(

∂x

∂x1

σx1

)2

+ ... +

(

∂x

∂xN
σxN

)2

�{k]r^j �N��oSj
x1

�
x2

� � � � �
xN

r^� ~=lSjI�7}xrbt�wyr¡|NmN�xqsr^j t�|Tvxt�� �7j lnt�k]onqs�7|Tv7|blnt
x
|bo�rbpGm=ont��Slx|bln~=onwd�xt�r^� ~=lSj

|bo1� �7j o��dj l��7}xrbt��SlSjd� qso�wyr
σx
�
σx1

= ... = σxN
= σx

�
��k]��|box~�onm7j qswy��|TvxtEwy�bqBvxt�|=j wd�xt � rj:]� ¨ O  k]m=o]�Sp7kG|Nr^j��7|=jd�7}xrbtEoSj�wyrbm7j �S�btuk]lnm=�x�s����oSj�r^� ~=lSj�� qsrbt7�

∂x

∂x1

= ... =
∂x

∂xN
=

1

N

( �Wm=l�v
(σx)2

ln~=�x��r¡|blSjsqS|Tvx~]�

(σx)2 =

(

1

N
σx

)2

+ ... +

(

1

N
σx

)2

= N
σ2

x

N2

�{k]onwy�b~N�{tWv�|N�7knj �n��l]k]�]�n}]j qBv�l]k]��|Tvx~�wy�bqBv�|=j wd�
σx
r^� ~=lSj �

σx =
σx

N1/2
=
|N�G�BlS� o�qs�d�]}xwyl � ¦G§M 

M � ~=r¡|blSjm:=rX�S�=�ylnm=o�kx}x�box~1�7|=j��7|bln~�wyr¡|Nm=�nwyr�wVj l�k]onqs�7|Tv7|bl x
k]o7}G}x�bt��donm=�bt�|N�7|Nr�v�wy�bqBv�|=j wd�

xln�=|Tz{~;|X�{~uwyr¡|NmN�xqsrX�{~ur^� ~=lSj7vW�Sl]}xp=|NrbmNvWrX�]|=� wdvxqBvW|Tvxt
x
�
x = xbest

qS|Tvx~urj:]� ¨  rb~Nz2v�|N�7knj �n�El]k]�]�n}]j qBv
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l]k]��|Tvx~�wy�bqBv�|=j wd�
σx
r^� ~=lSj�wVj l5�Sl]}G�5wy�¡|NmNvxqBv�|bon��|N�G�BlS� on�5qs�d�]}xwylx|bont �

σx = δx
qS|Tvx~�rj:]� ¨  �:( ��|Nq�jv�rj:]� ¨ �d� ~=r¡|blSj �

xbest ± δx = x ± σx = x ±
σx

N1/2

� ¦ ¨  

k]on�2qBvxwylS� ~=r^j��7|=j ���nlnq�j ¤=�nwyrb~=oSjLqS|=j t�k]lnm=lx|TvxmN�xqsr^j t�wylnt7�{ln~=lnwy�b~=on�Gwyr�wyr5knj �yln~=�7|Tv7|bl LCQ L �S�=�yr
wy�¡|NmNvxqBv�|Tvxt

x
�Bk]on���¡�dj ~=r�wyr;|box~�� �7j o�|Nm=�]k]o��B~=l��nm7� qB�Sr¡|blSj�qS|bo��7j �nqS|Tvxwyl5wyr¡|bl�:=p

x − σx
�SlSj

x + σx
�

��+�� � �2; 5��
�2; 6 94/�6 ��6 < �
� > ��0
� D > 5�����D � ��6
3 94/�6,5 > 1 � � DE945!6
�
�?�G~N�T�d�{t5v2k]r^j m=lnwylx|=j �n��rX�]|=� wdvxqBv%qS|Tvx~�rj:]� ¦ ¨ wdk]onm=r^�{~=l qs�=�s�Sm7j �yr^�{wyr5wVj l���~N�{qS|T�2�%ln~=lnwyrb~=�nwyrf�~Nv%|=j wd�

xexp
k]on� �b�Br^j�k]m=o]�SpC8dr^jQr^� |Nr�l]k]� |Tvx~��yrX�{m7� l¥r^� |Nr�l]k]�"�]}G}xl¥l]�Sm7j �n�bqS|Nrbm=l k]r^j m=�nwylx|bl��8�

"G�5j �:� �/��
c" |Tvxt
xexp

l]k]��|Tvx~
xbest

�
|xbest − xexp|

��k]lnm=�b�Br^jy�b~=l��Sm7j |T�xm7j o�l]k]on�=oG�S�xtW|bon�5wyr¡|NmNvxwy�b~=on�
l]k]o7|NrX}x�bqswylx|bont

xbest
�

t =
|xbest − xexp|

σx

� ¦G¦M 
�]k]on�

t
r^� ~=lSjno�lnm7j �ywy�ntQk]on��wylnt?}x�br^jS�7|=j]v

xbest
�7j ln�d�bm=r^jxl]k]��|Tvx~

xexp
�Slx|N�

t
|N�7knj �S�bt;l]k]o]�n}]� qsr^j t7�

�
σx
r^� ~=lSjSv�|N�7knj �n��l]k]�]�n}]j qBv�|Tvxt

xbest = x
� M j l�|bl�k]r^j m=�nwylx|bl�rb~=�ntYrX�nk]lSj �=rb�=|=j �SonpErbmT��lnqS|Tvxm7� on���d�N�q�j �n�xt?wdk]onm=onpGwyr�~=lE�Slx|blnmT|=� qson�Gwyr��Sm7j |T�xm7j l�l]k]on�=oG�S�xtQk]on�WqS|Tvxm7� ¤=ox~T|blSj]qS|Tvx~ulnqs�Gwy���{~7� l

|xbest−xexp|

I tσx
�
( ��|Nq�j �

( �W~
|xbest − xexp| ≤ 1.8σx

|bo�l]k]o7|N�X}xrbqswyl �n

��"G�	" " ).���b�%��� �
( �W~

|xbest − xexp| ≥ 2.6σx
|bo�l]k]o7|N�X}xrbqswyl �����7�n

��"G�	" " ).���b�%��� �
( �Wm=l�k]m=�Xk]r^jd~=l5rXk]ln~=l]}x�G�non�Gwyr;|bo

k]r^� m=lnwyl � |Tvx~�rbmT��lnqS|Tvxm7j l]�n���nqB�nvxqBv  �
( �W~

1.9σx ≤ |xbest − xexp| ≤ 2.5σx
�!) " �n
 �+"n�#"V�����7�	"+�!"��	��iG�n�D�+�m�5j � " Hk�+"G�N�#" � ( �Wm=l�k]m=�Xk]r^jV~=l

rXk]ln~=l]}x�G�non�Gwyr?|=j t�wyr¡|NmN�xqsr^j tWk]m=onqBk]l=�dz{~T|blntE~=l5rb~T|bo]kn� qson�Gwyr��SlSjB|bl �5jn�	�n�!�#"+��� �%�V���������#"+�!" �
( iu|bln~��7k]�nm=�Bon�G~�qBvxwyln~T|=j �S� �5jn�	�n�!�#"+��� �%� qs�d�]}xwylx|bl�|N�7|Nruv

σx
�7� ~=r^jS|Tvx~�qs�G~7j qS|Tz{qsl�|bon��|N�G�BlS� on�

qs�d�]}xwylx|bont7�
δxran I σx

� �W~�}xoSj k]�x~��7k]�nm=�Br^j{|Nm=�]k]ont1~=l¥rX�]|=j wd�xqson�Gwyr�|Tvx~2qs�G~7j qS|Tz{qsl |bon� qs�GqS|Tv=�
wylx|=j �Sonp5qs�d�]}xwylx|bont

δxsys
|N�7|Nr=�I�7k]o=�y�¡|box~T|blnt��7|=jy|bl

δxran
�SlSj

δxsys
r^� ~=lSj "	�b�������_�n�N�!" �dwVj l1}xo=�dj �n�

�X�S�dm=lnqBv��dj l�|bo�o7}]j �S�5qs�d�]}xwyl
δxtot

r^� ~=lSj �

(δxtot)
2 = (δxran)2 + (δxsys)

2
� ¦ �  iW~=onwy�n¤=on�Gwyr �_)�i_� ��� |Tvx~��X�S�dm=lnqBvE|Tvxt

(δxtot)
2
�dj lx|=���=rb~E�7k]�nm=�Br^jBln�GqS|TvxmN��wyl=�dvxwylx|=j �n��l]k]�n�=r^j :Nv

|Tvxt�rj:]� ¦ � �
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��+�� � 9
� B � > ; � DE9 �?5�� - 5!9452;��?52;@7 �8.�� B 143���� -=A 941
D B 5����
�W�=|N��|bo�k]lnm=�n�=r^j ��wyl�rj:=r¡|N�n¤=r^jx|Tvx~Ek]rbm7� kG|X�{qBv��]k]on�Ev�qS|blx|=j qS|=j �n��ln~=�]}x�GqBv��=rb~Wwdk]onm=r^�B~=l�rb�dlnm=wyonqS|Nr^�
l]k]rb�^�yr^� lntWqS|=j t�wyr¡|NmN�xqsr^j tEl]}G}x�5wdk]onm=r^�dqS|=j tW|NrX}]j �S�btWl]k]ln~T|T�xqsr^j t7�
��k]o=�y�¡|bon�Gwyr��7|=j{�y�X}xon�Gwyr1~=l wyr¡|NmN�xqson�Gwyr�|Tvx~ qS|bl=�yrbm=�.rX}xlx|Tvxm7� on�

k
�Bm=ox~=onwyr¡|NmNz{~T|blnt�|=j t�|blG�

}xln~T|Tz{qsr^j t�wVj �nt�wy�n¤=lnt
m
k]on� r^� ~=lSj;qS|Nrbm=lSj �{wy�b~Nv qS|bo �]�Sm=o |bon�¥rX}xlx|Tvxm7� on�S� M ~N�{m7� ¤=on�Gwyr1l]k]�¥|TvqS|boSj �Br^j z{�Nv�wdvx�Bln~7j �n���7|=jdv�k]rbm7� on�=ontW|TvxtE|bl]}x�n~T|X�{qBvxt�r^� ~=lSj

T I ¦ k (m/k)1/2
� ( ��|Nq�j �ywyr¡|NmNz{~T|blntW|bl

T�SlSj
m
�nm7� qB�Son�GwyrY|Tvx~

k
�

k = 4π2m/T 2

i�l]kx}xonpGqS|Nrbm=ont?|Nm=�]k]ontY~=l��nm=onpGwyr�|Tvx~
k
r^� ~=lSjn~=l��BmNvxq�j wyo]k]oSj �xqson�Gwyr?wV� l���~N�{qS|T��wy�n¤=l

m
�SlSjn~=l

�S�n~=on�Gwyr��7j �n�donm=rbtuk]m=onqsrX�]|=j �S�btWwyr¡|NmN�xqsr^j tW|Tvxt
T
�:( iWwd�{t�r^� ~=lSj�knj ��rb~=�7j ln�d�bm=ox~E~=l��Bm=ox~=onwyr¡|NmN�xqson�Gwyr

k]o7}G}x�btu�donm=�bt�|Tvx~
T
�dj l�k]o7}G}x�btu�7j ln�donm=r¡|=j �S�btQwy�n¤=rbt

m
�dj lx|=� �]ks� �y� �Swyr?ln�=|N�x~u|box~u|Nm=�]k]o�wdk]onm=onpGwyrQ~=l

rXk]l]}GvT�yrbpGqson�GwyrW�7|=j
T 2 ∼ m

�SlS�y~=l�wyr¡|NmN�xqson�Gwyru|Tvx~
k  �:( ��qS|X� }xoSj k]�x~��7|=jdk]lS� m=~=on�GwyrY|=j t�wyr¡|NmN�xqsr^j tk]on��k]lnm=on�Gq�j �n¤=ox~T|blSjBqS|=j tEk]mNz�|NrbtE�=pGo���m=lnwywy�btY|bon���E� ~=l]�Sl��

�E� ~=l]�Slnt ¦ � P r¡|NmN�xqsr^j t�|TvxtEqS|bl=�yrbm=�ntErX}xlx|Tvxm7� on�S�
wy�n¤=l

m
�
kg  § � 7 ¨ � § � 7CQ ¨ § � L � 6 § � LCR ¨ § � Ok7 ¦ § � Q � 6 § � R § ¨ § � RC7 §k]rbm7� on�=ont

T
�
sec  ¨ � ¦ 6 ¨ � �C� ¨ � � L ¨ � 6C6 ¨ � 7 § ¨ � 7CR ¨ � LC7 ¨ � LCR

k = 4π2m/T 2
¨ � � ¨ O ¨ ¦ � R)O �n}Gk

�Wm=on�dln~Nz{tE�=�b~��b�Br^jV~=�]vxwyl�~=l1�7k]o7}xo=�d� qson�Gwyr�wy�bqsrbtE|=j wy�bt��dj l�|=j t �N�
"&�%)��.����� �!H � wy�n¤=rbtE�5|=j t �N�
"��
�%)��.����� �!H � k]rbm7j �n�=on�GtE�dj lx|=�L�=rb~�r^� ~=lSjV�7j ln�donm=r¡|=j �S�bt�wyr¡|NmN�xqsr^j t�|Tvxt 

�N�
".� k]onqs�7|Tv7|blnt7��iWp=|Nr�wdk]onm=onpGwyr
~=l5wy�=�yon�Gwyru�S�x|=jB�dj l�|bl�qs�d�]}xwylx|bl�qs�=�s�Sm7� ~=ox~T|blntu|=j t��7j ln�donm=r¡|=j �S�bt?|=j wy�bt�|Tvxt�wy�n¤=lnt���|TvxtEk]rbm7j �n�=on�S�
�Wlnm=�7}xl�ln�=|N�1wdk]onm=onpGwyrW~=l�qs�G~=�7j �nqson�Gwyr��S�=�yru|=j wd��|Tvxt

m
wyrW|Tvx~�ln~T|=� qS|boSj �S�5|Tvxt

T
�dj l1~=l��7k]o7}xoG�

�d� qson�Gwyru|Tvx~
k
�s�]kx�{tW�=r^� �B~=on�Gwyr�qS|Tvx~�|NrX}xrb�=|blS� l���m=lnwywd��|bon��kn� ~=l]�Sl��{iEj�l]k]ln~T|T�xqsr^j t��dj l�|Tvx~

k
qS|Tvx~

|NrX}xrb�=|blS� l���m=lnwywd� �n

��"G� �7}xrbtuwyr¡|NmN�xqsr^j t;|Tvxt 

�N�
".� k]onqs�7|Tv7|blntu�SlSjSrXk]onwy�b~N�{t;�7k]�]�Sr^j ~T|blSjSqsrYqS|blx|=j qS|=j �n�
ln~=�]}x�GqBvB�{�?�=�s�SrX�Sm7j wy�b~=l��]v��Sl]}xp=|NrbmNv�rX�]|=� wdvxqBv�|Tvxt

k
r^� ~=lSjsv�wy�bqBv�|=j wd�B�

kbest = k I ¨ � � ¨ L N/m
�SlSj

|bo�|N�G�BlS� o�qs�d�]}xwyl
δkran

r^� ~=lSjVv�|N�7knj �n�1l]k]�]�n}]j qBv1l]k]��|Tv�wy�bqBv�|=j wd�B�
σx I § � § L N/m

� �S�n~=r¡|Nr��7}xrbt
|=j tEk]m=��:=r^j tu�dj l5�nqB�nvxqBv  �
( ��|Nq�j �sv�|NrX}]j �n��l]k]�n~T|TvxqBv�r^� ~=lSj � k I ¨ � � ¨ L ± § � § L N/m

�
��k]o=�y�¡|bon�GwyrE|Tz{m=l1�7|=jIo�¤=�=���nt�k]on���BmNvxq�j wyo]k]oSj �T�dvG�Sr��dj l�|Tvx~�wy�¡|NmNvxqBv5|X�{~�wyln¤Nz{~�r^� �Br�qs�GqS|Tv=�

wylx|=j �S��qs�d�]}xwyl�k]rbm7� k]on� ¨ L �SlSjG|bo��Bm=ox~=�nwyr¡|Nm=oEk]on���BmNvxq�j wyo]k]oSj �T�dvG�Sr��dj l�|Tvx~Wwy�¡|NmNvxqBvW|TvxtYk]rbm7j �n�=on�r^� �Br § � 7 L ���{k]r^j �N��|bl�qs�d�]}xwylx|bl�qS|Tvx~ m
�SlSj

T
r^� ~=lSjIln~=rj:=�nmT|Tv7|bl�wdk]onm=onpGwyr�~=l��BmNvxq�j wyo]k]oSj �xqson�Gwyr

|Tvx~�rj:]� L��dj l�~=l��nm=onpGwyrY|Tvx~�qs�G~7j qS|Tz{qsl5|bon��qs�GqS|Tvxwylx|=j �Sonp�qs�d�]}xwylx|bont
δksys

�

(

δksys

kbest

)2

=

(

δmsys

m

)2

+

(

2
δTsys

T

)2

= (1%)2 + (0.5%)2

⇒ δksys =
� ¨ � 6 L  × kbest I § � § ¨ 6 ×

�
13.16N/m  I 0.18N/m
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� o7}]j �n��|N�7knj �n��l]k]�]�n}]j qBv��dj l�|Tvx~
k
wdk]onm=r^�d~=l��nm=r`�yr^��l]k]��|Tvx~�rj:]� ¦ � �

(δktot)
2 = (δkran)2 + (δksys)

2 = (0.06)2 + (0.18)2 ⇒ δktot = 0.19N/m

� |NrX}]j �n��l]k]�n~T|TvxqBv�r^� ~=lSj �
k I kbest ± δktot I ¨ � � ¨ L ± § � ¨ R N 
 m I ¨ � � ¦ ± § � ¦ N 
 m �

� ���?� � �
������� � �;�
����� �C
�� � ���
�x�����
�������M��� ���)�?�
�	����� ��� ��
 �	��
 � �?�
�2� �
	 � � ��� � ���2�������
� � � �

�WrX�{m=onpGwyr
N
¤=rbp=�sv�wyr¡|NmN�xqsrX�{~ �

x1, y1  � � � � � � xN , yN  l]k]�%�=pGo%wyr¡|blG�]}Gv7|N�bt x
�SlSj

y
�   o%k]m=�G�]}Gvxwyl

k]on��ln~T|=j wyr¡|X��kn� ¤=on�Gwyr�r^� ~=lSjy~=l5�nm=onpGwyrW|=j tE�n�X}7|=j qS|Nrbt�|=j wy�btE�dj l�|=j t�k]lnm=lnwy�¡|Nm=on�GtW|Tvxt��Slnwdk]p7}Gvxt�k]m=oG�
qslnm=wyo=�s�xtu|X�{~��=rb�=onwy�b~N�{~El]k]��|Tv���m=ln�yj �n��k]lnm=�nqS|blnqBv�|Tvxt

y
�{tEqs�G~=�nmT|TvxqBv�|Tvxt

x
� ��k]o=�y�¡|bon�GwyrW�7|=j

wy�x~=ox~�oSj�wyr¡|NmN�xqsr^j t�|Tvxt
y
rbwy�dln~7� ¤=on�G~E�7k]o7}xo=�d� q�j wyl�qs�d�]}xwylx|bl5rb~Nz¥�dj l�|Tvx~

x
r^� ~=lSj�lnwyrX}Gv7|N�bl��

�:+-* � 3 	 > � 9 � ��9�DED ���
y = A + Bx

�W~Ev
y
l]�So7}xon�^�yr^�swVj l���m=lnwywVj �n��qs�B�bqBvB�

y = A + Bx
�n�SlSjsln~��7}xrbt�oSjswyr¡|NmN�xqsr^j tu|Tvxt

y
�b�Bon�G~W|bl 

�N�
"

���������#"+�!" �S|N�7|Nr�v��n�X}7|=j qS|Tv5rX�]|=� wdvxqBv�|X�{~�qS|bl=�yrbmNz{~
A
�SlSj

B
r^� ~=lSj �

A =

∑

x2
i

∑

yi −
∑

xi
∑

xiyi

∆

� ¦ 6  �SlSj

B =
N
∑

xiyi −
∑

xi
∑

yi

∆

� ¦ 7  
�]k]on��o�k]lnm=ox~=onwylnqS|T�xt4J r^� ~=lSj �

∆ = N
N
∑

i=1

x2

i −

(

N
∑

i=1

xi

)2 � ¦ L  
P r;�n�nqBv�|bl�wyr¡|NmNvxwy�b~=l�qBvxwyr^� l��Sv��n�X}7|=j qS|Tv5rX�]|=� wdvxqBv�|bon��qs�d�]}xwylx|bontWqS|Tvx~�wy�¡|NmNvxqBv�|Tvxt

y
r^� ~=lSj �

(σy)
2 =

1

N − 2

N
∑

i=1

(yi − A − Bxi)
2

� ¦ O  
  l�qs�d�]}xwylx|bl�|X�{~

A
�SlSj

B
r^� ~=lSj �

(σA)2 = (σy)
2

∑

x2
i

∆

� ¦ Q  �SlSj

(σB)2 = (σy)
2
N

∆

� ¦ R  
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�:+�� � 3 	 > � 9 � ��9�DED � 94/�0 5��
� 9
� < �85���� 9
��0�� ��� �
y = Bx

�W~�v
y
l]�So7}xon�^�yr^��wVj l���m=lnwywVj �n��qs�B�bqBvB�

y = Bx
�L�SlSj�ln~��7}xrbt5oSj�wyr¡|NmN�xqsr^j t�|Tvxt

y
�b�Bon�G~5|bl 

�N�
"

���������#"+�!" �S|N�7|Nr�v��n�X}7|=j qS|Tv5rX�]|=� wdvxqBv�|TvxtEqS|bl=�yrbm=�nt
B
r^� ~=lSj �

B =

∑

xiyi
∑

x2

i

� � §M 
P r;�n�nqBv�|bl�wyr¡|NmNvxwy�b~=l�qBvxwyr^� l��Sv��n�X}7|=j qS|Tv5rX�]|=� wdvxqBv�|bon��qs�d�]}xwylx|bontWqS|Tvx~�wy�¡|NmNvxqBv�|Tvxt

y
r^� ~=lSj �

(σy)
2 =

1

N − 1

N
∑

i=1

(yi − Bxi)
2

� � ¨  
  o�qs�d�]}xwyl�|bon�

B
r^� ~=lSj �

(σB)2 =
(σy)

2

∑

x2
i

� � ¦M 
�:+�� ��7 	 > 52;@7 ��� 3�� B ��5��
�����

y = AeBx

�W~�v
y
l]�So7}xon�^�yr^�{wVj l%��m=lnwywVj �n��qs�B�bqBvB�

y I AeBx �{|N�7|Nr�wdk]onm=r^��~=l wyr¡|blx|Nm=l]k]r^��qsr�wVj l%��m=lnwywVj �n��X�S�dm=lnqBvB�

y = AeBx ⇔ z = ln(y) = ln(A) + Bx
� �C�  

P r�ln�=|T�"|Tv8wyr¡|blx|Nm=o]kx� wdk]onm=onpGwyr�~=l8rb�dlnm=wy�nqson�Gwyr�|Tvx~ ��m=lnwywVj �n�¥wy�`�yon�=o.k]m=onqslnm=wyo=�s�xt2wyr
rX}x�n�sj qS|bl |Nr¡|Nm=�x�s�{~=l � rj:]� ¦ 6s� ¦ 7S� ¦ L  �dj l |=j t�wyr¡|blG�]}Gv7|N�bt z

�SlSj
x
� ( iWwd�{t7�?l]�S�nwdv2�SlSj�ln~��7}xrbt1oSj

wyr¡|NmN�xqsr^j tY|Tvxt
y
�b�Bon�G~�|bl 

�N�
" ���������#"+�!" |N�7|Nr;|bl5qs�d�]}xwylx|bl�qS|=j tu|=j wy�bt

zi = ln(yi)
�=rb~Er^� ~=lSjs� �7j l��dj l

�S�=�yr
zi
���?pGwy���{~=l5wyrY|bon�GtE�Sln~=�x~=rbtuwyr¡|N�n�=onqBvxtEqs�d�]}xwylx|bont � rj:]� ¨ �  �b�Bon�Gwyr q = z = ln(y)

�

σz =

∣

∣

∣

∣

dz(x)

dx

∣

∣

∣

∣

σy =
σy

y

� � 6  
( ��|Nq�jLln~�|bl

σy
r^� ~=lSj�� �7j l��dj l��7}xrbt�|=j t�wyr¡|NmN�xqsr^j t7�y|bo

σz
wyr¡|blG�n�]}G}xr¡|blSj � |bo

σz
ln�C:=�n~=r^jV�nqso�|bo

ywyr^j z{~=r¡|blSj  �W�Wm=on�dln~Nz{tWv1wyr¡|blG�]}Gv7|T� z = ln(y)
�=rb~�j �Sln~=o]k]oSj r^��|Tvx~�l]k]lS� |TvxqBv��dj l�� �7j l�qs�d�]}xwylx|bl1qsr

�S�=�yr�wy�¡|NmNvxqBvB�
�Wlnm=�7}xo;k]on�;�7k]�nm=�Br^jNln�GqS|TvxmN�Ywy�`�yon�=ontI�dj l�ln�=|T�?|Tvx~�k]rbm7� kG|X�{qBv � �nlnq�� ¤=r¡|blSj=qsr

weighted averages  �qS|Tvx~�k]m=��:Nv�qs�G�B~=�5�=rb~�wdk]onm=onpGwyrY~=l�r^� wylnqS|NrWq�� ��on�Gm=oSjsonp=|NrW�7|=jS|bl�qs�d�]}xwylx|bl�|X�{~
yi
r^� ~=lSjBk]m=�x��wylx|=j

qS|bl=�yrbm=�����?�G~N�T�d�{t{|bl�qs�d�]}xwylx|bl�k]lnm=on�Gq�j �n¤=on�G~?wVj �SmN�Wwyr¡|blG�no7}G�E�SlSjG�S�n~=r^jGwVj �SmN�W�7j ln�donm=��k]oSj l�wy�`�yoG�
�=ontE�BmNvxq�j wyo]k]oSj r^� |blSj ���?rW�S�=�yruk]rbm7� kG|X�{qBvB�d�7|bln~�|bl�qs�d�]}xwylx|bl��=rb~�r^� ~=lSjs��~N�{qS|N���Bv5l]k]rb�^�yr^� lntW�BmN�xqBv
|X�{~�rj:7j qBz{qsrX�{~ ¦ 65rX�{t ¦ L��7� ~=r^jswVj l�l]kx}G���SlSjB}xo=�dj �n� � ln~��G�sjs|Tvx~W�n�X}7|=j qS|Tv  rX�]|=� wdvxqBv�|X�{~�qS|bl=�yrbmNz{~
A
�SlSj

B
qS|Tvx~�rj:]� �C� �

( ��|Nq�j ��oSj�rj:7j qBz{qsr^j t ¦ 6s� ¦ 7��SlSj ¦ L � �G�sjd�nwd�{t��SlSj�oSjsrj:]� ¦ On� ¦ QS� ¦ R  wdk]onm=onpG~�~=l5�BmNvxq�j wyo]k]oSj onpG~T|blSj�dj l�|Tvx~�k]m=onqslnm=wyo=�s��|TvxtE�Sl]}xp=|NrbmNvxtWrb�^�yr^� lntWqS|Tvx~�rj:]� �C� �
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�:+�� ����9�DED�;@7 � > � B ��5��
��� 94/�0 ���46 D > 5!9��41 �45���� �
z = A + Bx + Cy

�W~��b�Bon�Gwyr�wVj l1qsr^j m=�1wyr¡|NmN�xqsrX�{~ �
xi, yi, zi  � i = 1, ..., N

���]k]on��oSj
zi
�b�Bon�G~�|bo�� �7j o�qs�d�]}xwyl1rb~Nz oSj

xi
�SlSj

yi
�b�Bon�G~WlnwyrX}Gv7|N�bl�qs�d�]}xwylx|bl��x|N�7|Nru�n~Wv�wyr¡|blG�]}Gv7|T�

z
rj:=lnmT|N�x|blSjn��m=lnwywVj �S��l]k]��|=j t��=pGo��]}G}xrbt

x
�SlSj

y
�
z = A + Bx + Cy

�nv��n�X}7|=j qS|Tv�rX�]|=� wdvxqBv�|X�{~�qS|bl=�yrbmNz{~�qs�G~T|NrX}xrbqS|Tz{~
A
�
B
�
C
�Sl=�yonm7� ¤=r¡|blSj

l]k]��|Tvx~�}xpGqBv�|bon��qs�GqS|T�xwylx|bont �	"	��)_��� �_-/�\���N� �+-h�+� �/� �

AN + B
N
∑

i=1

xi + C
N
∑

i=1

yi =
N
∑

i=1

zi

A
N
∑

i=1

xi + B
N
∑

i=1

x2

i + C
N
∑

i=1

xiyi =
N
∑

i=1

xizi

A
N
∑

i=1

yi + B
N
∑

i=1

xiyi + C
N
∑

i=1

y2

i =
N
∑

i=1

yizi
� � 7  

�:+�� 6 > 3,5 > ��6�� B 	 D�; 6 /�62143����%34DE6��
y = A + Bx + Cx2

�W~��b�Bon�Gwyr�wVj l1qsr^j m=��wyr¡|NmN�xqsrX�{~ �
xi, yi  � i = 1, ..., N

���]k]on�5oSj
yi
�b�Bon�G~�|bo�� �7j o1qs�d�]}xwyl1rb~Nz oSj

xi�b�Bon�G~�lnwyrX}Gv7|N�bl�qs�d�]}xwylx|bl��T�SlSj=j qs�BpGr^j7�7|=j �
y = A+Bx+Cx2

� ks� �y�I|boWpC8dont�rb~=�nt�qBz{wylx|bont�k]on�?k]�b�s|Nr^j
rj:=lnmT|N�x|blSj�l]k]��|bo5|Nr¡|Nm=�x�s�{~=o�|bon���Bm=�x~=on�S�

y = yo + υot − (1/2)gt2  �S|N�7|Nr�v��n�X}7|=j qS|Tv�rX�]|=� wdvxqBv�|X�{~qS|bl=�yrbmNz{~Wqs�G~T|NrX}xrbqS|Tz{~
A
�
B
�
C
�Sl=�yonm7� ¤=r¡|blSj]l]k]��|Tvx~W}xpGqBv�|bon��qs�GqS|T�xwylx|bont �	"	��)_��� �_-/�#���N� �+-h�+� �/� �

AN + B
N
∑

i=1

xi + C
N
∑

i=1

x2

i =
N
∑

i=1

yi

A
N
∑

i=1

xi + B
N
∑

i=1

x2

i + C
N
∑

i=1

x3

i =
N
∑

i=1

xiyi

A
N
∑

i=1

x2

i + B
N
∑

i=1

x3

i + C
N
∑

i=1

x4

i =
N
∑

i=1

x2

i yi
� � L  

� ��rb~7j �n��k]rbm7� kG|X�{qBv rb~=�nt5k]o7}x�7�{~=pGwyon��ln~Nz�|NrbmNvxt�|N��:Nvxt�l]k]�
n = 2

�=rb~�rj:=r¡|N�n¤=r¡|blSj{rb�Nz �dj lx|=�
|N�¡|boSj rbtEwyonm=�d�btWl]k]ln~T|Tz{~T|blSj�qBk]ln~7j �7|Nrbm=l�qS|Tvx~��d�Gq�j �n�B�
�:+�� , DE6
� A ���

y = Af(x) + Bg(x)
�W~�v5wyr¡|blG�]}Gv7|T�

y
�b�Br^js|Tvx~�wyonm=���B�

y = Af(x) + Bg(x)
� ks� �y��|bo�qS|=j ��wVj lS� o�kx}x�x|bont�rb~=�ntu|bl]}xln~T|bonpN�

wyrb~=on���n�nm=on�Gt�qsr��b~=l��S�=�yr¡|bl�ln~=lnmT|Tvxwy�b~=o1rX}xlx|T�xm7j o��
y = A cos(ωt) + B sin(ωt)

��wyr
x = ωt  |N�7|Nrv��n�X}7|=j qS|Tv�rX�]|=� wdvxqBv�|X�{~�qS|bl=�yrbmNz{~�qs�G~T|NrX}xrbqS|Tz{~

A
�
B
�Sl=�yonm7� ¤=r¡|blSjsl]k]��|Tvx~�}xpGqBv�|bon��qs�GqS|T�xwylx|bont

�	"	��)_��� �_-/�\���N� �+-h�+� �/� �

A
N
∑

i=1

[f(xi)]
2 + B

N
∑

i=1

f(xi)g(xi) =
N
∑

i=1

yif(xi)

A
N
∑

i=1

f(xi)g(xi) + B
N
∑

i=1

[g(xi)]
2 =

N
∑

i=1

yig(xi)
� � O  
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� � �

 ���x� � ��� �F��� �#�
�?� � �������w� � � � ��
 ����������� � � � 
�� 

�Wlnm=on�Gq�j �n¤=r¡|blSjBo�rb~=�=rb�=r^j ��wy�b~=ont;|Nm=�]k]ontWqs�=�B��m=ln���xtWwVj lntWln~=ln�donm=�nturbmT��lnqS|Tvxm7j l]�nz{~�wyr¡|NmN�xqsrX�{~]�
��+-* � 9
� B � > ; � DE9 D > > 1 B�< ;��?5!985 > 5�� B � ����9
  � |T}xont7� { l=�ywyox~=�nwdvxqBv�rX}xlx|Tvxm7� on���dj l5wy�¡|NmNvxqBv�wy�n¤=lnt ��� �=���ntW�{}xlx|Tvxm7� on�  �
�Ww 
 ~7� l��?� � �
iW~=�nwylx|bl5qs�G~=rbmT��lx|Tz{~]� ¨  � � � � ¦M � � � � �  � � � �
� [�i��EiE�   �E� �E� [E�E�Q�E�
� �Slx|blnqB�Srb�7�5rb~=�nt�¤=�=��onp�rX}xlx|Tvxm7� on�5l]k]lSj |Nr^�d|Tvx~��nl=�ywyox~=�nwdvxqBv5wVj lntE�n}]� wyl]�Slnt��dj l5|Tvx~�wy�¡|NmNvxqBv

wyln¤Nz{~�l]k]��|Tvx~�rXknj wd�G�S�G~=qBv�|bon�5rX}xlx|Tvxm7� on�S� M j l�ln�=|N�5|bo1qB�So]k]��ln~=lnmT|bonpGwyru|bo��b~=l��]�Sm=o�|bon�5rX}xlx|Tv=�m7� on��l]k]���b~=l��]�SlnwdkG|bo�qS|T�xm7j ��wyl��s�Sm=rbwyonpGwyrW�b~=l��7� qB�So�¤=�=��onp�qS|bo1�]}G}xo��]�Sm=o��B�SlSjs|bo]k]o=�yr¡|bonpGwyr��b~=l
wy�¡|Nm=o�qS|bl�kx}x�x�dj l�|Tvxt��Slx|blnqB�Srb�7�xt��dj l�~=l�wyr¡|Nm=onpGwyru|Tvx~�rXknj wd�G�S�G~=qBv�|bon�5rX}xlx|Tvxm7� on�S� M j l�~=l�wdk]onm=r^�~=l��BmNvxq�j wyo]k]oSj vT�yr^�sz{tW¤=�=���nt�k]m=�Xk]r^j�~=l��nm=onpGwyr;|Tvx~�qs�Gqs�B�¡|=j qBv5wyr¡|bl�:=p�|TvxtEwy�n¤=lntuqS|bo��7� qB�So��SlSjS|Tvxt
rXknj wd�G�S�G~=qBvxtu|bon��rX}xlx|Tvxm7� on�S�
���	� ¢ M �{�E�Q� P �   �{�E�Q��

�

M j lW|Tvx~?�nl=�ywyox~=�nwdvxqBvuk]lS� m=~=on�Gwyr�k]�b~T|NrQwy�n¤=rbt � N = 5  |X�{~ mi I ¦ kg
�
i = 1, ..., 5

�SlSj=|=j tQk]m=onqx�y�f�
|bon�Gwyr�wVj lG�£wVj l��V�Slx|blx��m=�n�dox~T|blnt�|bo2ln~T|=� qS|boSj �Bo%wd�G�Sont�|bon��rX}xlx|Tvxm7� on�

`i
l]k]��|bo2qBvxwyr^� o2ln~=lnmT|T�xqsrX�{t

qS|bo"�]�SlnwdkG|bo qS|T�xm7j ��wyl¥�X�{t�|bo"�]}G}xo �]�Sm=o2|bon�S� iEjQwyr¡|NmN�xqsr^j t�k]lnm=on�Gq�j �n¤=ox~T|blSj{qS|=j t1k]mNz�|Nrbt�|Nm=r^� t
qS|T�G}xrbtW|bon���E� ~=l]�Sl��

�E� ~=l]�Slnt � � P �n¤=rbt
mi

� qsr
kg  �SlSj�rXknj wdvG�SpG~=qsr^j t `i

� qsr
cm  �dj l�|box~�¤=�=���5rX}xlx|T�xm7j o��

�Wm7j �ywy�ntW�=o]�Bj wd�xt
i x = mi y = `i m2

i mi`i

¨ ¦ 6 ¦ � § 6 QG6
¦ 6 6%QS� § ¨ L ¨ RG6
� L 7 ¨ � � � L � § Q6 Q 7CLS� � LG6 6%7 §7 ¨ § 7CQS� L ¨ §G§ 7CQCL

N I 7 ∑

mi I � § ∑

`i I ¦ 7CLS� L ∑

m2
i I ¦G¦G§ ∑

mi`i I ¨ � L ¦G¦
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�?�S�xwyl ¨ � M m=ln�yj �n�%k]lnm=�nqS|blnqBv |X�{~ �=rb�=onwy�b~N�{~�l]k]� |box~2kn� ~=l]�Sl"wyr¡|NmN�xqsrX�{~��SlSj�|Tvxt�rb�^�yr^� lnt�k]on�k]m=o]�Sp7kG|Nr^j�l]k]��|Tvx~�wy�`�yon�=o�|X�{~�rX}xln�s� qS|X�{~�|Nr¡|Nm=lx�sz{~N�{~]�
�{�������	� M �E� ¢ � P �   �{�E�Q��

�
��k]o=�y�¡|box~T|blntE�7|=js|bo�rX}xlx|T�xm7j o�j �Sln~=o]k]oSj r^�n|box~�~=�nwyo�|bon�

Hook
�
mg = k`

�B|N�7|Nr=�

` = `o + (
g

k
)m ⇔ ` = A + Bm ⇔ y = A + Bx,

�]k]on�
xi ↔ mi

�
yi ↔ `i

�]k]on�
`o = A

r^� ~=lSj�|bo wd�G�Sont�|bon��rX}xlx|Tvxm7� on���7� �S�{t��n�nm=ont��SlSj�J
` I `

�
`o
r^� ~=lSj�v�ln~T|=� qS|boSj �Sv%rXknj �

wd�G�S�G~=qBvB�   o�wd�G�Sont
`
r^� ~=lSjyv1rj:=lnmT|Tvxwy�b~Nv5wyr¡|blG�]}Gv7|T�

y
�SlSjyv�wy�n¤=l

m
v1ln~=rj:=�nmT|Tv7|Tv5wyr¡|blG�]}Gv7|T�

x
�

� �nl=�ywyox~=�nwdvxqBv1|bon��¤=�=��onp�rXknj |N�=���B�n~=r¡|blSj{l]k]��|box~1k]m=onqs�7j onm7j qswy��|X�{~�qS|bl=�yrbmNz{~
A
�SlSj

B = g/kwyr�|Tvx~�wy�`�yon�=o5rX}xln�s� qS|X�{~�|Nr¡|Nm=lx�sz{~N�{~ � rj:]� ¦ 6s� ¦ 7S� ¦ L  �;i k]m=onqs�7j onm7j qswy�nt�|X�{~ A
�SlSj

B
l]k]lSj |Nr^��|box~

�7k]o7}xo=�dj qswy��|X�{~�l=�ym=oSj qswy�x|X�{~]� ∑
mi
� ∑

`i
� ∑

m2

i

���SlSj ∑
mi`i

� M j l�ln�=|N�5|bo1qB�So]k]���7k]o7}xo=�d� ¤=on�Gwyr|=j t5k]onqs�7|Tv7|Nrbt
m2

i

�SlSj
mi`i

qS|=j t��=pGo�|NrX}xrb�=|blS� rbt�qS|T�G}xrbt�|bon��kn� ~=l]�Sl2wyr¡|NmN�xqsrX�{~��SlSj�|bl ln~T|=� qS|boSj �Bl
l]k]o7|NrX}x�bqswylx|bl5k]lnm=on�Gq�j �n¤=ox~T|blSjBqS|Tvx~�|NrX}xrb�=|blS� l5��m=lnwywd��|TvxtW�S�=�yr�qS|T�G}Gvxt7�
  z{m=l�o��7k]o7}xo=�dj qswy�nt;|X�{~EqS|bl=�yrbmNz{~

A
�SlSj

B
wdk]onm=r^�n~=l��d� ~=r^jSl]k]rb�^�yr^� lnt7���?pGwy���{~=l�wyrQ|Tvx~Erj:]� ¦ Lo5k]lnm=ox~=onwylnqS|T�xt4J r^� ~=lSj �

∆ = N
N
∑

i=1

m2

i −

(

N
∑

i=1

mi

)2

= 5 × 220 − 302 = 200

  o�qBvxwyr^� o�|bonwd�xt
A
|TvxtErb�^�yr^� lntEwyrY|box~��S�=�yr¡|bo���:=ox~=l

y
�7� ~=r¡|blSjdl]k]��|Tvx~�rj:]� ¦ 6s�

A =

∑

m2
i

∑

`i −
∑

mi
∑

mi`i

∆
=

220 × 256.6 − 30 × 1622

200
= 39.0 cm
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  �X}xont7�sl]k]��|Tvx~�rj:]� ¦ 7��nm7� qB�Son�GwyrY|Tvx~��n}]� qBv B
�

B =
N
∑

mi`i −
∑

mi
∑

`i

∆
=

5 × 1622 − 30 × 256.6

200
= 2.06 cm/kg

����m=ln�yj �n��k]lnm=�nqS|blnqBv2|X�{~�k]r^j m=lnwylx|=j �nz{~1�=rb�=onwy�b~N�{~��SlSj�|Tvxt��7k]o7}xo=�dj qswy�b~Nvxt1rb�^�yr^� lnt�l]k]� |=j t
|=j wy�bt�|X�{~

A
�SlSj

B
�7� ~=r¡|blSj�qS|bo�qs�S�xwyl�� ¨ �

���Ei��;i M ¢ � P iE� �;�Q��� P �   

�
P rW�n�nqBv�|bl�wyr¡|NmNvxwy�b~=l1qBvxwyr^� l��Vv��n�X}7|=j qS|Tv�rX�]|=� wdvxqBv�|bon��qs�d�]}xwylx|bont�qS|Tvx~5wy�¡|NmNvxqBv�|Tvxt

y = `r^� ~=lSj � rj:]� ¦ O  �

(σ`)
2 =

1

N − 2

N
∑

i=1

(`i − A − Bmi)
2 =

1

5 − 2
(1.2544 + 1.3456 + 0.0036 + 0.6724 + 1) = 1.4253

⇒ σ` = ±1.1939 cm I ±1.2 cm
�

�W�=|N�5|bo1qs�d�]}xwyl�qBvxwyr^j z{~=r¡|blSjdqsrW�S�=�yrWqBvxwyr^� o�|bon�5qs�S�xwylx|bont¡� ¨ wyrEwVj �Sm=�5rb�^�yp=��m=lnwywyl�|Nwd�xwylx|bl
�
error bars  k]lnm=�]}G}GvG}xl1�{t�k]m=�nt�|box~5��:=ox~=lG� y k]on�1�b�Bon�G~�wd�G�Sont7� σ` = 1.2 cm

��rX�Slx|N�bmN�I�yrb~��S�=�yr
qBvxwyr^� on�S�
  l�qs�d�]}xwylx|bl�|X�{~

A
�SlSj

B
r^� ~=lSj � rj:]� ¦ Q��SlSj ¦ R  �

(σA)2 = (σ`)
2

∑

m2
i

∆
= (1.2)2

220

200
= 1.584 ⇒ σA = ±1.2586 cm = ±1.3 cm

�SlSj

(σB)2 = (σ`)
2
N

∆
= (1.2)2

5

200
= 0.036 ⇒ σB = ±0.1897 cm/kg = ±0.19 cm/kg

�dj l�|bo
σB

|bl��=rX�Sln�7j �S� 8�vx�y� l��Sl=�yonm7� ¤=ox~T|blSjBl]k]��|bo5��r¡��ox~=�ntW�7|=j
B I ¦ � § L cm/kg

  ��� ¢ [E� ���Ei   ���Q�Q� P �   �
  l�|NrX}]j �S�2l]k]o7|NrX}x�bqswylx|bl�|X�{~�wyr¡|NmN�xqsrX�{~5��m=�n�dox~T|blSj�wyln¤7��wyr�|bl qs�d�]}xwylx|bl��SlSjLk]rbm7j �b�Bon�G~�|Tvx~

|NrX}]j �n��qS|Nm=o=�B���7}xo]k]oS� vxqBv�|X�{~�qBvxwyln~T|=j �nz{~;8�vx�y� �{~]�4( ��|Nq�j �
¨  A = 39.0 ± 1.3 cm I 39 ± 1 cm

�

¦M B = 2.06 ± 0.19 cm/kg I 2.1 ± 0.2 cm/kg
�
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� � P ���	�{�E� P �
� �nl=�ywyox~=�nwdvxqBvE|bon��rX}xlx|Tvxm7� on��wyr;|Tvx~�wy�`�yon�=o�rX}xln�s� qS|X�{~�|Nr¡|Nm=lx�sz{~N�{~E�b�N�{qsr;|Tvx~�rj:7� qB�{qBv��nl=�s�

wyox~=�nwdvxqBvxt �
calibration line  qspGwy���{~=l�wyr�|Tvx~�o]k]oS� l�|bo�qs�=�s�SrX�Sm7j wy�b~=o�rX}xlx|T�xm7j o�wdk]onm=r^�n~=l�}xr^j |bon�Gm^��s�xqsr^j�z{tE¤=�=���nt7��� rj:7� qB�{qBv��nl=�ywyox~=�nwdvxqBvxt�r^� ~=lSj �

` = `o +
g

k
m = (39 ± 1) + (2.1 ± 0.2)m

�?pGwy���{~=l�wyr?ln�=|T�W|Tvx~�rj:7� qB�{qBvB�nln~uwVj l�wy�n¤=l
m
ln~T|=j qS|boSj �Br^�Sqsr?wd�G�Sont?rX}xlx|Tvxm7� on�

` I 7 � � ¦ cm
|N�7|Nr

o�¤=�=���ntWwylntW�7� ~=r^j �

m =
` − A

B
=

(53.2 − 39) cm

2.1 cm/kg
= 6.7619 kg = 6.8 kg

  o���r¡��ox~=�ntE�7|=jyk]m=o]�Sp7kG|bon�G~��=pGo1qBvxwyln~T|=j �S�e8�vx�y� l�qS|box~�k]m=onqs�7j onm7j qswy��|Tvxt�wy�n¤=lntEqs�G~=rXk]�x��r¡|blSj �
qspGwy���{~=l�wyr�|box~5�E� ~=l]�SlG� ¨ � qsrX}B� 7  ���7|=jV|bo�qs�Br¡|=j �S��qs�d�]}xwyl�|Tvxt � k]on�1r^� ~=lSjy|bo�qs�d�]}xwyl�|bon�1¤=�=��onp  r^� ~=lSj�wyr¡|bl�:=p

1%
�SlSj

10%
���Box~=�=m7j �S��k]rbm7� k]on�

5%
�

� ���E�;i �{�Q�

M j l�|Tvx~�qs�=�B��m=ln����ln�=|T�xt�|TvxtEln~=ln�donm=�ntY�BmNvxq�j wyo]k]oSj �T�dvG�Sln~Erj:7j qBz{qsr^j tEl]k]��|=j tWk]lnm=l]�S�x|X�.ln~=ln�doG�m=�bt7�
¨  �� � � mNvxqS|=� �Nvxt7� G �@����jn�%�h$e�n� �+"n�#"+��� �_-/� g �%"����:�+���/�\�	�n���/jn��� ��� �]qsrX}]� �=rbt�6s�%7E�SlSj ¨ 6s�nqBvxwyr^j zL�qsr^j tEl]k]��|Tvx~�vG}xrX�]|Nm=ox~7j �n���7j rbp^�y�G~=qBv�qS|bo��7j ln�7� �]|=j o��

www.des.upatras.gr
� �#)n��Hn".���/jn��� ����� �

¦M J. R. Taylor, An Introduction to Error Analysis, 2nd edition, (University Science Books,
Sausalito (CA), 1997)

�yqsrX}]� �=rbt ¨ QG65�X�{t ¨ QCLS�
  ���;iE� � ���E�;i �{�E�
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� � ��
#
 �������M�;
 � � ����� � � � ���
��+-* � > �2;@7 ����� 9
� B � � � 6�;
( ��qS|X� v�k]m=lx��wylx|=j �n��qs�G~=�nmT|TvxqBv

q(x, y, ..., z)
k]o7}G}Gz{~�wyr¡|blG�]}Gv7|Tz{~

x, y, ..., z
�7j l=�y�¡|Nr^jdwyrbm7j �S�bt�k]lnm=lG�

�sz���on�Gt��{t�k]m=ont�ln�=|N�bt�|=j t�wyr¡|blG�]}Gv7|N�bt7� M j l�~=l��nm=onpGwyr�|Tvx~�wyrbm7j �n��k]lnm=�x�s����o ∂q 
 ∂x
�Sm=lx|N�nwyrE|=j t

�]}G}xrbt�k]lnm=lnwy�¡|Nm=on�Gt
y, ..., z

qS|bl=�yrbm=�btW�SlSjsk]lnm=lx�s���d� ¤=on�Gwyruwy�x~=o��{tEk]m=ont
x
�

$&"�� �.���n� i��#" �L�W~�v
q(x, y) = x2y + y3

|N�7|NrWv

∂q

∂x
=

d(x2y + y3)

dx
= 2xy

M j l�~=l��nm=onpGwyrY|Tvx~ ∂q/∂y
�Sm=lx|N�nwyrY|bo

x
qS|bl=�yrbm=�5�SlSjBk]lnm=lx�s���d� ¤=on�Gwyr�wy�x~=o��{tWk]m=ont

y

∂q

∂y
=

d(x2y + y3)

dy
= x2 + 3y2

��+�� � 621)1
94/
1 ��� � > �2;@7 ����� 9
� B � � � 6�;
( ��qS|X� �7|=jyoSj�wyrbm7j �S�bt�k]lnm=�x�s����oSj

∂q/∂x
�
∂q/∂y

�s�SlSj
∂q/∂z

|Tvxt�k]m=lx��wylx|=j �n�xtWqs�G~=�nmT|TvxqBvxt
q(x, y, z)�7k]�nm=�Bon�G~��SlSj{r^� ~=lSj{qs�G~=rb�Br^� t7� �W~�ln�=|N�bt�oSj�k]lnm=�x�s����oSj�wyr�|Tv qsr^j m=��|bon�Gt1�b�Bon�G~1qs�G~=rb�Br^� t�wyrbm7j �S�bt

k]lnm=lx�sz���on�Gt�|N�7|Nr�}x�bwyr��7|=j�v
q(x, y, z)

r^� ~=lSj��=pGo%�donm=�bt�qs�G~=rb�Sz{t5k]lnm=lx�s���d� q�j wdv��2�7|=j�v
q(x, y, z)�b�Br^j?qs�G~=rb�Br^� t " ) � �_" " �&H �f���k�+� �!H � " "��+"GiG-hi_)	j ������j�� Hk�+".� �@� ��� �#� � J�� ~=on�Gwyr1wyrbm7j �S� k]lnm=ln�=r^� ��wylx|bl

�dj l5|box~�|Nm=�]k]o�k]on����m=�n�don�Gwyr�ln�=|N�btE|=j t�wyrbm7j �S�btWk]lnm=lx�sz���on�GtEln~Nz�|NrbmNvxtW|N��:=rX�{t��7|bln~�v
q(x, y)

r^� ~=lSj
qs�G~=�nmT|TvxqBv�wy�x~=ox~W|X�{~

x
�SlSj

y
�

∂2q

∂x2
=

∂

∂x

(

∂q

∂x

)

,
∂2q

∂y2
=

∂

∂y

(

∂q

∂y

)

,
∂2q

∂x∂y
=

∂

∂x

(

∂q

∂y

)

,
∂2q

∂y∂x
=

∂

∂y

(

∂q

∂x

)

iEj
∂2q/∂x∂y

�SlSj
∂2q/∂y∂x

}x�¡��ox~T|blSj ���n� �%� H �D���k�+� �!H � " "�� �Gi �hi_)G������j�� Hk�+".�\�@� ��� �#� �SlSjxr^� ~=lSj]� qsrbt
wyr¡|bl�:=p�|bon�Gt7�

∂2q

∂x∂y
=

∂2q

∂y∂x

$&"�� �.���n� i��#" � { m=r^� |NrQ�7}xrbt{|=j tQwyrbm7j �S�bt{k]lnm=lx�sz���on�Gt��=rb�=|N�bm=lnt�|N��:=rX�{t{|Tvxt
q(x, y) = xy+(x+2y)2

�

∂q

∂x
= y + 2(x + 2y),

∂q

∂y
= x + 4(x + 2y)

∂2q

∂x2
= 2,

∂2q

∂y2
= 8,

∂2q

∂x∂y
= 5,

∂2q

∂y∂x
= 5

��+�� ��; �41�; 6 � ��9 A � 9
� �
"	��jn�N�#"+��� �	�.� � )�i_� �N�#�.� �

J.Marsden
�
A.Tromba

���Wln~=rXknj qS|TvxwVj l]�S�bt��{�S�=�nqsr^j t [�mN�7|Tvxt7�L��k]�n�=onqBv
qS|bl��{}G}Gvx~7j �S�5l]k]��|box~���� M j ln~=~=�]k]on�7}xo��nk]lnm=�x��m=ln�doSj ¦ � � �SlSj ¦ � LS�
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