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1 Legendre Polynomials P`(x) .

Differential Equation:

(1− x2) P`
′′(x)− 2x P`

′(x) + `(` + 1) P`(x) = 0 ,

or

d

dx
(1− x2)

d

dx
P`(x) + `(` + 1) P`(x) = 0 . (1.1)

Generating function:

∞∑
`=0

P`(x)t` = (1− 2xt + t2)−
1
2 for |t| < 1, |x| ≤ 1. (1.2)

Orthonormality:

∫ 1

-1
P`(x) P` ′(x) dx =

2

2` + 1
δ ` ` ′ , (1.3)

∞∑
`=0

P`(x)P`(x
′)(2` + 1) = 2δ(x− x′) . (1.4)

Expressions forP`(x) :

P`(x) =
1

2`

[`/2]∑
ν=0

(−1)ν (2`− 2ν)!

ν! (`− ν)! (`− 2ν)!
x`−2ν (1.5)

=
1

`! 2`

( d

dx

)`
(x2 − 1)` , (1.6)

=
1

π

∫ π

0
(x +

√
x2 − 1 cos ϕ)` dϕ . (1.7)

Recurrence relations:

` P`−1 − (2` + 1) x P` + (` + 1) P`+1 = 0 ;

P` = x P`−1 +
x2 − 1

`
P ′

`−1 ;

xP ′
` − ` P` = P ′

`−1 ;

xP ′
` + (` + 1) P` = P ′

`+1 ;

d

dx
[P`+1 − P`−1] = (2` + 1) P`. (1.8)

Examples:

P0 = 1 , P1 = x , P2 = 1
2
(3x2 − 1) , P3 = 1

2
x(5x2 − 3) . (1.9)
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2 Associated Legendre Functions Pm
` (x) .

Differential equation:

(1− x2) Pm
` (x) ′′ − 2x Pm

` (x) ′ +
(
`(` + 1)− m2

1− x2

)
Pm

` (x) = 0 . (2.1)

Generating function:

∞∑
`=0

∑̀
m=0

Pm
` (x) zm y`

m!
=

[
1− 2y

(
x + z

√
1− x2

)
+ y2

]−1
2 . (2.2)

Orthogonality:∫ 1

-1
Pm

` (x) Pm
` ′ (x) dx =

2

2` + 1

(` + m)!

(`−m)!
δ ` ` ′ , ( `, ` ′ ≥ m ) . (2.3)

∞∑
`=m

(2` + 1)
(`−m)!

(` + m)!
Pm

` (x) Pm
` (x′) = 2δ(x− x′) , ( |x| < 1 and |x′| < 1 ) . (2.4)

Expressions for Pm
` (x)1:

Pm
` (x) = (1− x2)

1
2
m

(
d

dx

)m

P`(x) . (2.5)

Pm
` (x) =

(` + m)!

`! π
(−1)m/2

∫ π

0

(
x +

√
x2 − 1 cos ϕ

)`
cos mϕ dϕ . (2.6)

Recurrence relations:

Pm+1
` − 2mx√

1− x2
Pm

` + {`(` + 1)−m(m− 1)}Pm−1
` = 0 (2.7)

√
1− x2 Pm+1

` (x) = (1− x2) Pm
` (x) ′ + mx Pm

` (x) ,

(2` + 1)x Pm
` = (` + m) Pm

`−1 + (` + 1−m) Pm
`+1 , (2.8)

x Pm
` = Pm

`−1 − (` + 1−m)
√

1− x2 Pm−1
` ,

Pm
`+1 − Pm

`−1 = (2` + 1) Pm−1
`

√
1− x2 , (2.9)

and various others.

Examples:

P 1
1 =

√
1− x2 , P 2

2 = 3(1− x2) ,

P 1
2 = 3x

√
1− x2 , P 2

3 = 15 x(1− x2) . (2.10)

1Note that some authors define Pm
` (x) with a factor (−1)m , giving Pm

` (x) = (−1)m(1 −
x2)

1
2 m
(

d
dx

)m
P`(x). Obviously this minus sign propagates to the generating function, the recurrence

relations and the explicit examples, when m is odd.
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3 Bessel Jn(x) and Hankel Hn(x) functions.

Differential equation (for both Jn and Hn ):

x2 J ′′n(x) + x J ′n(x) + (x2 − n2) Jn(x) = 0 . (3.1)

Generating function (if n integer):

∞∑
n=−∞

Jn(αx)
(

s

α

)n

= e
x
2
(s− α2

s
) , (3.2)

J−n = (−1)n Jn .

Orthogonality: ∫ ∞

0
ξ Jn(αξ) Jn(βξ) dξ =

1

α
δ(|α| − |β|) . (3.3)

∫ a

0
ξ Jn(αξ) Jn(βξ) dξ =

a2

2
{Jn+1(αa)}2δαβ . (3.4)

if in the 2nd relation α, β are roots of the equation Jn(αξ) = 0.

Expressions for Jn(x) (for n integer):

Jn(x) =
∞∑

k=0

(−1)k

k! (k + n)!

( x

2

)n+2k
=

1

2πi

( x

2

)n
∮

t−n−1dt e t−x2/4t . (3.5)

Jn(x) =
1

π

∫ π

0
cos (nθ − x sin θ) dθ . (3.6)

Recurrence relations (for both Jn and Hn ):

d

dx
{xn Jn(x)} = xn Jn−1(x) ;

Jn−1(x) + Jn+1(x) =
2n

x
Jn(x) ;

J ′
n(x) = Jn−1(x)− n

x
Jn(x) =

n

x
Jn(x)− Jn+1(x) = 1

2
(Jn−1(x)− Jn+1(x)) .(3.7)

Relations between Hankel and Bessel functions:

H(1)
n (x) =

i

sin nπ

(
e−nπiJn(x)− J−n(x)

)
;

H(2)
n (x) =

−i

sin nπ

(
enπiJn(x)− J−n(x)

)
, (3.8)

so that

Jn(x) = 1
2

(
H(1)

n (x) + H(2)
n (x)

)
;

J−n(x) = 1
2

(
enπiH(1)

n (x) + e−nπiH(2)
n (x)

)
. (3.9)
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4 Spherical Bessel Functions j`(x).

Differential equation:

(xj`)
′′ +

(
x− `(` + 1)

x

)
j` = 0 . (4.1)

Generating Function:

∞∑
`=0

j`(x) t`

`!
= j0

(√
x2 − 2xt

)
. (4.2)

Orthogonality: ∫ ∞

0
x2j`(αx) j`(βx) dx =

π

2α
δ(α− β) . (4.3)

∫ ∞

−∞
j`(x) j`′(x) dx =

π

2` + 1
δ``′ . (4.4)

Expressions for j` :

j`(x) =

√
π

2x
J`+ 1

2
(x) = (−1)`x`

(
d

xdx

)`
sin x

x
, (4.5)

j`(x) =
x`

2`+1 `!

∫ 1

−1
eixs(1− s2)` ds

=
2``!

(2` + 1)!
x`
(
1− 1

1! (` + 3
2
)

(x

2

)2
+

1

2!(` + 3
2
)(` + 5

2
)

(x

2

)4
− . . .

)
. (4.6)

Recurrence relations:

j`+1 =
`

x
j` − j′` =

2` + 1

x
j` − j`−1. (4.7)

Examples:

j0(x) =
sin x

x
;

j1(x) =
sin x

x2
− cos x

x
;

j2(x) =
3 sin x

x3
− 3 cos x

x2
− sin x

x
. (4.8)

4



5 Hermite Polynomials Hn(x).

Differential equation:

H ′′
n(x)− 2x H ′

n(x) + 2n Hn(x) = 0 ,

or

d2

dx2

(
Hn(x) e−

1
2
x2
)

+ (2n− x2 + 1) Hn(x) e−
1
2
x2

= 0 . (5.1)

Generating function:

∞∑
n=0

Hn(x) sn/n! = e−s2+2sx. (5.2)

Orthogonality: ∫ ∞

−∞
Hn(x) Hm(x) e−x2

dx = 2nn!
√

π δnm (5.3)

∞∑
n=0

Hn(x) Hn(y)/(2nn!) =
√

π δ(x− y) ex2

. (5.4)

More general:

∞∑
n=0

Hn(x) Hn(y) sn/(2nn!) =
1√

1− s2
exp

(−s2(x2 + y2) + 2sxy

1− s2

)
. (5.5)

Expressions for Hn :

Hn(−x) = (−1)n Hn(x); (5.6)

Hn(x) = (−1)n ex2
( d

dx

)n
e−x2

; (5.7)

Hn(x) = (−1)n/2n!
n/2∑
k=0

(−1)k (2x)2k

(2k)! ( 1
2
n− k)!

, if n even,

Hn(x) = (− 1)
n−1

2 n!

n−1
2∑

k=0

(−1)k (2x)2k+1

(2k + 1)!
(

n−1
2
− k

)
!

, if n odd. (5.8)

Recurrence relations:

dmHn(x)

dxm
=

2mn!

(n−m)!
Hn−1(x) , (5.9)

x Hn(x) = 1
2
Hn+1(x) + n Hn−1(x) , (5.10)

Hn(x) =
(
2x− d

dx

)
Hn−1(x) . (5.11)

Examples:

H0(x) = 1 , H1(x) = 2x , H2(x) = 4x2 − 2 . (5.12)
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6 Laguerre Polynomials Ln(x).

Differential equation:

x L′′n(x) + (1− x) L′n(x) + n Ln(x) = 0 . (6.1)

Generating function:2

∞∑
n=0

Ln(x) zn =
1

1− z
e
−xz
1−z . (6.2)

Orthogonality: ∫ ∞

0
Ln(x) Lm(x) e−x dx = δnm . (6.3)

Expressions for Ln :

Ln(x) =
ex

n!

( d

dx

)n
(xn e−x)

=
(−1)n

n!

(
xn − n2

1!
xn−1 +

n2(n− 1)2

2!
xn−2 − . . . + (−1)nn!

)
. (6.4)

Recurrence relation:

(1 + 2n− x) Ln − n Ln−1 − (n + 1)Ln+1 = 0 ;

x L′n(x) = n Ln(x)− n Ln−1(x) . (6.5)

Examples:

L0(x) = 1 ;

L1(x) = 1− x ;

L2(x) =
1

2!
(x2 − 4x + 2). (6.6)

2It’s important to note that sometimes different definitions are used for the Laguerre and Associated

Laguerre polynomials, where the Generating Function has the form:
∑∞

n=0 Ln(x) zn/n! = 1
1−z e

−xz
1−z . In

this case the Expressions given for Ln should be multiplied by n! .
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7 Associated Laguerre Polynomials Lk
n(x) .

Differential equation:

x Lk
n

′′
+ (k + 1− x) Lk

n

′
+ n Lk

n = 0 . (7.1)

Generating function:

∞∑
n=0

Lk
n(x) zn =

1

(1− z)k+1
e
−xz
1−z . (7.2)

∞∑
k=0

∞∑
n=k

Lk
n(x) znuk

k!
=

1

1− z
exp

(−xz + u

1− z

)
. (7.3)

Orthogonality: ∫ ∞

0
Lk

n(x) Lk
m(x) xk e−x dx =

(n + k)!

n!
δnm . (7.4)

Expressions for Lk
n :

Lk
n(x) = (−1)k

( d

dx

)k
Ln+k(x) . (7.5)

Lk
n(x) =

exx−k

n!

( d

dx

)n
(xn+k e−x) . (7.6)

Recurrence relation:

Lk
n−1 (x) + Lk−1

n (x) = Lk
n (x) ;

x Lk′

n (x) = n Lk
n (x)− (n + k)Lk

n−1 (x) . (7.7)

Examples:

Lk
0(x) = 1 ;

Lk
1(x) = −x + k + 1 ;

Lk
2(x) =

1

2

[
x2 − 2(k + 2)x + (k + 1)(k + 2)

]
;

Lk
3(x) =

1

6

[
−x3 + 3(k + 3)x2 − 3(k + 2)(k + 3)x + (k + 1)(k + 2)(k + 3)

]
. (7.8)
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8 Tschebyscheff3 Polynomials Tn(x).

Differential equation:

(1− x2)
d2

dx2
Tn(x)− x

d

dx
Tn(x) + n2 Tn(x) = 0 . (8.1)

Generating function:

∞∑
n=0

Tn(x) yn =
1− xy

1− 2xy + y2
. (8.2)

Symmetry relation:

Tn(x) = T−n(x). (8.3)

Orthogonality:

∫ 1

−1

Tm(x)Tn(x)√
1− x2

dx =

{
1
2
πδnm m, n 6= 0

π m = n = 0
(8.4)

Expression for Tn :

Tn(x) = cos(n cos−1 x) (8.5)

Tn(x) = 1
2

[{
x + i

√
1− x2

}n
+
{
x− i

√
1− x2

}n]
. (8.6)

Recurrence relation:

Tn+1 − 2x Tn(x) + Tn−1 = 0 (8.7)

(1− x2)T ′
n(x) = −nx Tn(x) + n Tn−1(x). (8.8)

Examples:

T0(x) = 1 ;

T1(x) = x ;

T2(x) = 2x2 − 1 ;

T3(x) = 4x3 − 3x. (8.9)

3Transliterations Chebyshev and Tchebicheff also occur.
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9 Remark.

All of the functions discussed here are special cases of “hypergeometric functions”

mFn(a1, a2, . . . am; b1, b2, . . . bn; z) defined by:

mFn(a1, a2, . . . am; b1, b2, . . . bn; z) =
∞∑

r=p

(a1)r(a2)r . . . (am)rz
r

(b1)r(b2)r . . . (bn)rr!
, (9.1)

where

(a)r ≡
Γ(a + r)

Γ(a)
; r a positive integer. (9.2)

Differential equations:
m = n = 1:

z
( d

dz

)2

1F1 + (b− z)
d

dz
1F1 − a 1F1 = 0 . (9.3)

m = 2, n = 1:

z(1− z)
( d

dz

)2

2F1 +
(
c− (a + b + 1)z

) d

dz
2F1 − ab 2F1 = 0 . (9.4)

We have:

P`(x) = 2F1

(
−`, ` + 1; 1;

1− x

2

)
;

(9.5)

Pm
` (x) =

(` + m)!

(`−m)!

(1− x2)m/2

2mm!
2F1

(
m− `, m + ` + 1; m + 1;

1− x

2

)
;

(9.6)

Jn(x) =
e−ix

n!

(
x

2

)n

1F1(n + 1
2
; 2n + 1; 2ix) ;

(9.7)

H2n(x) = (−1)n (2n)!

n!
1F1(−n; 1

2
; x2) ;

(9.8)

H2n+1(x) = (−1)n 2(2n + 1)!

n!
x1F1(−n; 3

2
; x2) ;

(9.9)

Ln(x) = 1F1(−n; 1; x) ;

(9.10)

Lk
n(x) =

Γ(n + k + 1)

n!Γ(k + 1)
1F1(−n; k + 1; x) ;

(9.11)

Tn(x) = 2F1

(
−n, n; 1

2
;
1− x

2

)
. (9.12)
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